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• Gidri thi£u cac de thi dai hoc, Olympic 30 - 4 va cac 
bai toan hay tren tap chi "Toan hoc va Tuoi tre". 

• Bai tap c3n ban, nang cao va trie nghifm. 

• On thi Dai hoc va Olympic Toan. 


NHA XUAT BAN DAI HQC QUOC GIA HA NQI 



’ not c&Ut 


Cuon sach “Cac chu de Hinh hoc 11" duoc tac gia bien soan dpa 
theo sach giao khoa Hinh hoc 11 xuat ban nam 2007 cua nha Xuat 
Ban Giao Due, bao gom bon chuong: 

• Mot ehitong 1, 2, 3 trinh bay theo 4 muc: 

+ Tom tat giao khoa. 

+ Bai tap can ban 

+ Bai tap nang cao. 

+ Cac bai tap trac nghiem on tap cuoi chi/ong. 

• Chuang 4 dtiqc trinh bay theo 2 muc: 

+ Gioi thieu cac de thi Dai hoc va Cao dang tC/ nam 2000 den 
2007 

+ Bai tap trbe nghiem on tap cuoi nam. 

Sach dupe bien soan cap nhat. he thong chi tiet va day dii cac kien 
thufc cbn ban. Hau het cac bai tap deu duoc lucre trich tU cac db thi 
Dai hoc, de thi Olympic 30 - 4 va de toan tren tap chi “Toan hoc va 
Tuoi tre" gan nhat, vi vay sach rat phu hdp cho cac hoc sinh tU hoc a 
nha, on luyen thi dai hoc va thi hoc sinh gioi. 

Tbc gia chan thanh cam cm sp gop y cua cac em hoc sinh va dong 
nghidp de lan tai ban sau cuon sach se dupe hoan thien hon. 

Tac gia 
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(gMiillgD. 

PHEP d6i hinh va phep dong dang 

TRONG MAT PHANG 

V 

A/ TOM TAT GIAO KHOA 

§1. PHEP DCH HINH 

1. Dai citcfng ve phep bien hinh 
Dinh nghia 1: 

Phep bien hinh la mot quy tic de vdi moi diem M cua mat 
phing, xac dinh done duy nhat diem M' thuoc mat phing ay. 
Diem M' goi la anh cua diem M qua phep bien hinh do. 

• Neu ta ky hieu mot phep bien hinh nao do la F va diem M' 
la anh cua M qua phep bien hinh F thi ta viet M' = F(M) 
hoac F(M) = M' Khi do, ta con noi phep bien hinh F bien 
diem M thanh diem M' 

• Neu It, la mot hinh nao do thi hinh K> (gom cac diem M' la 
anh cua cac diem M thuoc 7C>) dupe goi la anh cua H qua 
phep bien hinh F, va viet la K' - F (76). 

2. Phep defi hinh 
Dinh nghia 2: 

Phep den hinh la mot phep bien hinh khong lam thay doi 
khoang each giOfa hai diem bat ky, tufc la vdi bat ky hai diem M, 
N vA anh M', N' (ti/cmg ting) cua chung, ta luon co M'N' = MN. 
Dinh ly: 

Phep dcrt hinh bien ba dieim thing hang thanh ba diem thing hang, 
ba diem khong thing hang thinh ba diem khong thing hing. 

He qua: 

Phep dofi hinh bien deicing thing thinh di/cmg thing, bien tia 
thinh tia, bien doan thing thinh doan thing bing no, bien 
tarn giac thinh tarn giac bing no, bien diicfng tron thinh 
dicing tron bing no, bien g6c thinh g6c bing no. 


5 





§2. PHEP SOI XtiNG TRUC 

Dinh nghla 1 

Phep ddi xiifng qua difdng thSng d la phep bien hinh bien moi 
diem M thanh diem M' doi xufng vdi M qua difdng thang d. 

• Phep doi xufng qua dufcrng thAng d duoc ky hieu la Dd- 

• Phep doi XLfng qua doang thang d con goi la phep doi xufng true 
Dinh ly: Phep ddi xufng true la mot phep ddi hinh. 

Dinh nghia 2: 

Ditcrng thang d difpc goi la true doi xufng cua mot hinh neu 
phep ddi xufng true D d bien hinh Tt- thanh chinh no, the la 
D d (3IP) = Tt. _ 

§3. PHEP TINH TIEN 

Dinh nghia M‘ 

Phep tinh tien theo vecto a la 
mot phep bien hinh bien moi 
diem M thanh diem M' sao 
cho MM' = a 

• Ky hieu phep tinh tien theo vecto a la T,. 

• Khi a = 0, phep tinh tien tro thanh phep dong nhat. 



§4. PHEP QUAY VA PHEP SOI XUHG TAM 


1. Phep quay 

Dinh nghia 1. 

Trong mat phang eho diem O co dinh va goe loong 
giac khong ddi. Phep bien hinh bien diem O thanh 
diem O, bien moi diem M (khac 0) thanh diem M' 

sao cho OM = OM' va (OM,OM’) = o diiqc goi la phep 
quay tarn O vdi goc quay o 










• Kv hieu phep quay tarn O von gia tri quay <p la Q(0; <j>). 

• Neu (f> = k.360°, k e Z thi phep quay trd thanh phep d6ng nhat. 
Dint ; ly: Phep quay la mot phep dofi hinh 

2 Phep doi xting tarn 
Dink nghia 2 

Phep doi xiing qua diem, O la mot phep bien hinh bien moi 
diem M thanh diem M' doi xiing vdi M qua O, co nghia la 
OM + OM' = 0 

• Phep doi xiing qua diem O, kv hieu la Do- 

• Phep doi xiing qua diem O con goi la phep doi xiing tam O. 

• Diem O con goi la tam doi xiing. 

Chu y: N6u goc quay (p = 180° thi phep quay chinh la phep doi 
xiing tam 
Dinti nghia 3: 

Diem O dupe goi la tam doi xiing ciia mot hinh 1C> nen phep doi 
xiing tam Dp bien hinh K> thanh chinh no, tiic la Bp KK>) = 7C>. 


§5. HAI HINH BANG NHAU 

Dinh ly: 

Neu ABC va A'B'C' la hai tam giac bing nhau thi co mot ph6p 
dcfi hinh bien tam giac ABC thanh tam giac A'B'C'. 

Dinh nghia 

Hai hinh goi la bang nhau neu co mot phep dcfi hinh bien hinh 
nay thanh hinh kia. 

§6. PHEP VI TO' 

1. Dinh nghia 

Cho diem O co dinh va mot so thifc k * 0. Phep bien hinh bien 
moi diem M thanh diemt M' sao cho OM' = kOM difoc la phep vi 
tu tam O tv so k. 









• Ky hieu phep vi tP tam O ty so k la V(0; k) 

Chu y: Neu ty so k = -1 thi phep vi tP chinh la phep doi xifng 
tam. 


2. Cdc ditth lij 

Dinh ly 1. Neu phep vi tP ty so k bien hai diem Mva N lan lu/ort 
thanh hai diem M' va N' thi M'N' = kMN 

Dinh ly 2: Phep vi tp bien ba diem thang hang thanh ba diem 
thSng hang va khong thay doi thuf ti/ cua ba diem thang hang do 

He qua: 

Phep vi tP ty so k bien dPdng thang thanh dPPng thSng song 
song (hoac trung) vtiri dPdng thang do, bien tia thanh tia, bien 
doan thang thanh doan thang ma do dai dPPc nhan len vdi I k I , 
bien tam giac thanh tam giac dong dang vciri ty so dong dang la 
i k I , bien goc thanh goc bang no. 

Dinh ly 3: (anh cua dtfong tron qua phep vi til) 

Ph6p vi tP ty so k, bien dPdng tron co ban kinh R thanh dpcfng 
tron co ban kinh R' = I k i .R. 

M 

O 

3. Tam vi til cua hai dU&ttg trdn 

Cho hai dPdng tron (1, R) va (I', R'). Ta can tim cac phap vi tp 
bien dPdng tron (I, R) thanh dPong tron (I’, R 1 ). 

Qua vay: 

• Ke dPdng thang II' 

• Tren (I, R) lay M, tren (I', R') lay hai diem M'i va M' 2 sao 
cho IM cung hPdng vdi I'M'i va trdi hpdrng vdi I'Ml, 

• Goi Oj, 0 2 lan krot la giao diem cua II' vdi MM' 1; MM' 2 . 

Tritdng hop 1 . Neu I * I' va R * R 1 thi ca hai diem Oj, 0 2 deu 
ton tai. 
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M* 



thanh (IR') . 


Chu y: Tam cua phep vj tu V(0; k) bien ducfng tron nay thanh 
duang tron kia, goi la tam vi tu cua haj diidng tron. D^c biet: 

• Neu phep vi tu V(0; k) co k > 0 thi O goi la tam vj tu ngoai. 

• Neu phep vi tuf V(k; O) co k < 0 thi 0 goi la tam vi tu trong. 

Trtfong hap 2: Neu I s V va R * R thi I vua la tam vj tu ngoai, 
vCra la tam vi tu trong 



Truong hop 3: Neu I J I' va R = R' thi tam vi tu ngoai khong 
ton tai va tam vj tu trong la trung diem doan II'. 





§7. PHEP DONG DANG 

Dink nghia 1: 

Phep bien hinh F gpi la phep dong dang ty so k (k >0) neu 
vPi hai diem M va N bat ky va anh M' va N' cua chung, ta 
luon co M'N' = kMN 

Chu y: • Phep vi to ty so k > 0 chinh la phep dong dang. 

• Phep dpi hinh chinh la phep dong dang vpi ty so k = 1. 

Binh ly: 

Moi phep dong dang F ty so k (k > 0) deu la hop thanh cua 
mot phep vi to V ty so k va mot phep doi hinh D. 

He qua 

Phep dong dang bien ba di£m thAng hang thanh ba diem 
thSng hang (va khong lam thay doi thii to ba diem do), bien 
dtfong thAng thanh dudng thAng, bien tia thanh tia, bien doan 
thAng thanh doan thAng. mA do dai dope nhan len vPi k (vpi k 
la tj' so cua phep dong dang, bien tarn giac thanh tarn giac 
dong dang ty so k, bien doPng tron co ban kinh R thanh 
dodng tron co ban kinh R' = kR, bien goc thanh goc bAng no. 

Dinh nghia 2: that hinh ddng dang) 


A’ 



O C C' 


Hai hinh goi la dong dang vpi nhau neu co phep dong dang 
bien hinh nay thanh hinh kia. 

B/ BAI TAP CAN BAN 

Bai 1 . Cho F la mot phep dpi hinh bien AABC thanh aA’B'C' 
Chufng minh rAng (qua phep dpi hinh F) 

a) Trong tarn G cua \ABC bien thanh trong tarn G' cua AA'B'C'. 

b) Trpc tarn H cua AABC bien thanh true tarn H’ ciia aA B'C'. 
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c) Tarn O cua difdng tron ngoai tiep \ABC bien thanh tarn O' 
cua dating tron ngoai tiep \A'B'C 



O'A' = OA 
Khi do: O B' = OB 
O'O' OC 
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Ma OA = OB = OC 
Nen: O A = O'B = O'C 

Vay O' la tarn di/Png tron ngoai tiep \A B'C' 


Bai 2. Trong mat phiing toa do Oxy, xet phep bien hinh f bien moi 
diem M(x. vi thanh diem M’(v - x). ChPng minh rang day la 
phep dPi hinh. 

Giai 


Lay hai diem bat ky M(xi, yi). N(x 2 , y 2 ) thi anh cua chung qua 
phep bien hinh flan lupt la M’ly, - x,), N’(y 2 - x 2 ). Khi do: 


j MN = j(x., - x, r * (y, - y, F 


M N - v ; (y, - y, ) 2 + (-x, + x, 


Suy ra M’N' = MN 
Vay f la phep dpi hinh. 

Bai 3. Trong mSt phang toa do Oxy, cho phep bien hinh F bien 

diem M(x, y) thanh diem M'(x\ y') sao cho <* ‘ V 

(y' = cx + dy + q 

trong do a 2 + c 2 = b 2 + d 2 = 1, ab + cd = 0 
Chufng minh rang F la phep dPi hinh. 

Giai 

Lay hai diem bat ky M(x lt yi), N(x 2 , y 2 ) thi anh cua chung qua 
phep bien hinh F lan lupt la M'(ax t + by, + p, cxi + dyi + qi, 
N'(ax 2 + by 2 + p, cx 2 + dy 2 + q). Khi do: 

MN 2 = (x 2 - Xi) 2 + (y 2 - yi) 2 

M'N' 2 = la(x 2 - xi) + b(y 2 - y,)] 2 + [c(x 2 - Xi» 2 + d(y 2 - yjj 2 
= (a 2 + c 2 )(x 2 - Xi) 2 + (b 2 + d 2 )(y 2 - yi) 2 
+ 2(ab + cd)(x 2 - xi)(y 2 - y,) 

= (x 2 - xi) 2 + (y 2 - yi) 2 
Yfiy: M'N' = MN, tPc la F la phep dpi hinh. 
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Bai 4. Trong mat phang toa do Oxy, cho diem M(l, 3). Tren toa do 
diem M' la anh cua M qua phep doi xiirng true Oy, roi tim toa 
diem M" la anh cua M' qua phep doi xtifng true Ox. 

Giai 

. x' — x X 

• Do v (M) = M co ^ <=> 

y - y ,v 




Bai 5. Trong mat phang toa do Oxy, cho ditong thang co phuong 
trinh x —— = - - . Hay viet phdcrng trinh ddcrng thang d' la 

anh cua d qua phep doi xdng true Ov. 


Giai 

Bieu thde toa do cua phep doi xdng qua true Oy: 

( x' = X x - ~x 

1 , ! 

t.v ^ y [y - y 

jr, * , , X - 2 V - 1 

Khi do d.-= -- 

2 3 

Bien thanh d' _ X ~I— = ——- 

2 3 

-3x' + 6 = 2y’ - 2 

« 3x' + 2y" - 8 = 0 

Vay anh cua phdcfng trinh d qua phep doi xdng true Oy la ddcrng 
thSng d’ co phdang trinh la 3x + 2y - 8 = 0. 

Bai 6. Trong mat phang Oxy. cho ddcrng tron (O) co phdong trinh 
la (x + 1000+ (y - 2000) 2 = 2008 Viet phdcrng trinh ddcrng 
tron (C) la anh cua ddcrng tron (C) qua phep doi xiirng true Ox. 
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Giai 

Bieu there toa do cua phep doi xung qua true Ox: 

x' = X X = x’ 

< < 

!y’= -y ;y = -y' 

Khi do (C); lx + 1000) 2 + (v - 2000 ) 2 = 2008 

Bien thanh (CM: (x' + 1000) 2 + <-y' - 2000) 2 = 2008 

cd (x' + 1000) 2 + (y‘ + 2000 ) 2 = 2008 

Vay anh cua dddng tron (C) qua phep doi xufng true Ox la dddng 
tron (CM co phuong trinh la (x + 1000)^ + (y + 2000 ) 2 = 2008 


Bai 7. Cho AABC co BC - a, CA = b, AB = c. 2p = a + b + c va h a , 
h b , h, la do dai cac ddbng cao xuait phat td A. B, C tuong dng. 
Chufng mmh rang: 

a) h s < v /p(p - a ) 

b) h a + h b + h c < sj r 3 p 

Giai 



B a P 


Goi d la difcfng thSng qua A va song song vdi BC. 
Xet phep doi B d : B B* 

A A 


Theo tlnh 

chat cua phep doi xufng, ta co AB’ = AB 

Vi vay: 

b + c = AB + AC = AB' + AC > B'C 

c^> 

b + c > ja* + 4hf 

c^> 

(b + c) 2 > a 2 + 4h a 2 

<=> 

h a 2 < - l(b + c) 2 - a 2 ] = p(p - a) 

4 

<=> 

h a < Jp(p - a) 
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Dau “=” <=> (), A, B' thang hang 
ci A ABC can tai A. 
b) Then bat dang thufc Bunhicopski: 

(h ; , + hi + h . ? ) 2 < 3(h/ + hv" + h f . J ) < 3ptp -a + p- b + p- c) 
:> h, + h r + h c < v3 p 
Dau “=" o \ABC deu 


Bai 8. ('ho hai dudng thflng song song d ; va eh. 

Gpi Fh va D 2 lan luot la cac phep doi xung qua true d va d 2 . 
Vui M la diem bat ky, gia suf DgM) = Mi, D 2 iMi) = M 2 . Chung 
mmh rang phep bien hinh bten diem M thanh M 2 la phep 
tinh tien. 

Giai 

Goi 1,, I lan luat la giao diem cua 
M i M 2 vdi d,, d- 2 . 

‘ MM, = 2ML = -2M J, 

Ta co *\ ' 1 

i M,M, = 2M,L 

MMi + M,M, = 2(M,i, M,j, ) 

MMs =2i,i a s V 
=> Phep tinh tien theo vectcr v = 21,1, bien M thanh M 2 . 

Bai 9. Trong mat phang toa do Oxy, biet ducmg th<ing d cat true Ox 
tai diem A(-2, 0) va cat true Oy tai B(0, 3). Hay viet phuang 
trinh tham so cua dudng thang d' la anh cua d qua phep tinh 
tien vectcr v = (-4, 1) 

Giai 


d, 


M. 


1 . 


tL 


M 


d. 


tL 


M, 


I, 


Gia sd T V (A) = A . T V (B) = B' 

Khi do. AA’ = BB ; = v = (-4, 1) 

; <x A + 2,y A )» = (-4, 1) 

(x [t ,y„ - 3) = (-4, 1) 


i A'(-6, 1) 

■C3 < 

i B'<-4, 4) 


^ A'B' = (2, 3) 
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Vi T v (d) = d' => d' di qua A', B' 


Vay phiicfng trinh tham so cua d' la 


jx = -6 + 2t 

[y = 1 + 3t 


(t e R). 


Bai 10. Trong he true toa do Oxy, cho parabol (P) co phoong trinh 
y = ax 2 (a * 0). Goi T la phep tinh tien theo vecto v = (1, 1) va 
(P'i la anh cua (P) qua phep tinh tien tren. Hay viet phoong 
trinh cua (P'). 

Giai 


Bieu thufc toa do cua phep tinh tien T v 


f i ■* ( i i 

ix = Xtl ix^x-1 

ly' = y + i \y = y' -1 

Khi do (P): y = ax' 

Bien thanh (P'l: y' - 1 = a(x' - l) 2 

« y' = ax' 2 - 2ax' + a + 1 

Vay anh cua (P) qua phep tinh tien vecto v la (P'» co phoong 
trinh la y = ax 2 - 2ax + a + 1. 

Bai 11. Cho hinh binh hanh ABCD, hai diem A, B co dinh, tarn I 
thay doi tren mot duong tron (O). Tim quy tich trung diem M 
cua canh BC. 

Giai 


Ta co: IM = -AB 
2 

Khi do M la anh cua I qua phep 
tinh tien T, 

* An 


Vay quy tich cua M la anh ciia 
diicfng tron (O) trong phep tinh 

tien theo vecto v = — AB 

2 
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Bai 12. Cho di/dng tron (O) vdri diicrng kinh AB co dinh, mot dudng 
kinh MN thay doi Car difong thSng AM va AN cat tiep tuydn 
cua (O) tai B lan loot la P va Q. Tim quy tich cac true tarn cua 
cac tam giac MPQ va NPQ. 

Giai 


H’ 


N 
Q 

^ N' B M’ P 

a) \MPQ co QA la dodng cao (vi QA _L AP) 

Ke MM’ i PQ tai M’ 

Kin do true tam H cua AMPQ chinh la giao diem cua QA va MM’. 
Hon nCfa MH = 20A - BA 

% . ■ . 

Suy ra, phep tinh tien theo vecto BA bien M thanh II 

Vgiy, quy tich H la anh cua duerng tron (O) qua phep tinh tien T HA . 

b) Chufng minh tuong tif. quy tich IT (true tam \NPQ) cung la anh 
cua duong tron (O) qua phep tinh tien T, 

Bai 13. Chijfng minh rang mot tii giac loi co tam doi xiing thi no 
phai la hinh binh hanh. 

Giai 

Gia sii tiif giac loi ABCD co tam doi 

Khi do, dinh A chi co the bien 
thanh dinh O va di nh B chi co th£ 
bien thanh dinh D. Vi vay I chinh 
la trung diem cua moi difcfng cheo 
AC va BD, dieu may chiifng to 
ABCD la hinh binh h.anh. C 
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Bai 14. Cho hai diem B, C co dinh tren dirdng tron (O) va mot 
diem A thay doi tren diidng tron nay. Tim quy tich true tam 
H cua .AABC. 

Giai 

Ke AD dtfcrng kinh cua duefng tron (O) 

Ta co: DC 1 AC (Do ACD = 90") 1 ^ DC jj QH 

BH 1 AC (Do BH la dUdngcao)j 


Chufng minh tifcrng tu 
DB // CH 

TCr do suy ra, BDCH la hinh binh hanh 

<=> Hai difcrng cheo BC va DH 
cat nhau tai I trung diem moi 
di/dng. 

=* ID + IH = 6 

=> H la anh cua D qua phep doi xufng tam I 



Vay quy tich true tam H cua aABC la duemg tron (O') la anh cua 
duemg tron (O) qua phep doi xufng tam I. 


Bai 15. Cho AABC co AM va CN la hai trung tuyen. Chufng minh 
rang: Neu BAM = BCN = 30° thi AABC deu. 


Giai 


Tuf giac ACMN co NAM = NCM = 30° nen noi tiep trong mot 
duemg tron (O, R) 


Va MON = 2 NAM = 60° 

Xet cac phep doi xufng tam M va N: 
A ~2b-> B 
(O) <O l ) 
thi A e (O) vd B e (Oi) 

C B 
(O) -2JL* (0 2 ) 



thi C e (O) va B € (0 2 ) 
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Khi do OO, = 00 2 = 2R 

!> => A00i0 2 deu 
MON = 60" J 

=$ OiB + 0 2 B = R + R = 2R = 0i0 2 

=0 B trung diem 0i0 2 

=> AABC co A0 2 00] (vi cung co ANBM) 

=> AABC deu 


Bai 16. Cho to giac loi ABCD. Tren cac canh AB va CD ve phia 
ngoai ta diing cac tam giac deu ABM va CDP. Tren hai canh 
con lai, ve phia trong tuf giac, la dong cac tam giac deu BCN 
va ABK. Chufng minh rkng: MN = PK 


Giai 


Tu gia thiet, ta co: 

+ Phep quay Q(B; 60°) bien M 
thanh A va N thanh C. Suy 
ra MN = AC 

+ Phep quay Q(D; 60°) bien P 
thanh C v& K thanh A. Suy 
ra P'K = AC 

Vay: MN = PK 



Bai 17. Cho AABC co cac dinh dope ky hieu theo hopng am, dong a 
ngoai tam giac nay hai hinh vuong ABDE va BCKF. Goi P la 
trung diem canh AC, H la diem doi xOng cua D qua B, M la 
trung diem doan FH. 

a) Xac dinh anh cua hai vecto BA va AC trong phep quay tam, 
goc 90°. 

b) Chufng minh rSng: DF = 2BP va BP 1 DF 


Giai 


[BA = BH 

a) Ta co: < __ 

[(BA, BH) = 90°’ 
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F 



A -22^ H (1) 

=> BA - *»■*?.'.> BH 

Hem nufa: C F (2) 

T ii (1) va (2) ^ AC HF 

b) Ta co P la trung diem cua doan AC nen theo tinh chat cua phep 
quay ta co anh ciia P qua phep quay Q(B; 90 u ) (a tren) la trung 
diem M ciia doan HF Do do: 

BP BM 

JBP = BM 
^ [BP 1 BM 

Mat khac BM = ~DF va BM H DF (tinh chat dtrdng trung binh 

2 

trong \HDF) 

Vi vay: DF = 2BP va DF ^ DF. 

Bai 18. Cho hinh binh hanh ABCD. Lay E tren canh BC roi ve CF 
song song v6i AB, F nSm tren AD. Hay chi ra phep ddi hinh 
bien hinh thang ABCF thanh hinh thang CDAE. 


Giai 

A F D 
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Goi O la tam h'inh binh hanh ABC!) 

Ta co A ---- C 
B D 

C A 

F E 

Vay phep dcri hinh Do bien hinh thang ABCF thanh hinh thang 
('l)AE 


Bai 19. Goi M, N, P lan li/crt la trung diem ba canh BC, CA, AB cua tam 
giac ABC; H, G, O lan luot la true tam, trong tam va tam diiong 
tron ngoai tiep cua tam giac ABC. I la tam ducrng tron (MNP). 

a) Chbng minh rang AMNP la anh cua AABC trong phep vi tb 


tam G, ty so - 


1 

2 


. Tb do suy ra bon diem O, G, I, H thang 


hang va I la trung diem doan OH 

(Dbcfng thang di qua bon diem O. G, I, H goi la dbcrng thang 
Euler) 

b) Chbng minh rang phep vi to tam H, ty so - bien dbcrng tron 

2 

(ABC) thanh dbcrng tron (MNP). Tb do suy ra rang, trong mot 
tam giac trung diem ba canh, chan ba dbdng cao va trung 
diem cac doan noi trbe tam vcn ba dinh la chin diem cr tren 
mot dbcrng tron. 


(Dbcrng tron di qua chin diem b tren goi la dbdng tron Euler) 


(SGK 11, trang 125) 
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Do do: M, N, P lan loot 1& anh cua A, B, C trong phep vi to 
V(G;-|». 

=> Phep vi til V(G; - —) bien AABC thanh AMNP. 

2 

• Tif ket qua tren, suy ra tam I cua dtfcfng tron (MNP) la anh 
cua tam O cua dtfcmg tron (ABC) trong phep vi tif V(G; 

do do: 

Gl =-^66 (1) 

2 

Hon niTa: 1 ^OMlPN 

OM 1 BCJ 

Chufng minh toong tif ON 1 PM 
=> O li trqc t&m AMNP 

=> GO = - ^GH (Tinh chat phip vi to V(G; - \)) (2) 

2 2 

Tif (1) v£ (2) => O, G, H, I thing h&ng va 01 = ^OH. 

b) • De thay ring: V(H; i): (ABC) >-► (MNP) 

2 

• Goi E, F, K lan loot li cic trung diem cua cic doan HA, HB, 
HC va Hj, H 2 , H 3 lan lt/crt li cic diem xufng cua H qua ba canh 

BC, CA, AB. Khi d6 Hi, H 2 , H 3 e (ABC) va phep vi to V(H; i) 

z 

+ Bien A, B, C e (ABC) thinh E, F, K e (MNP) 

+ Bii'n H 1( H 2 , H 3 e (ABC) thinh A', B', C' e (MNP) 

(vdi A', B', C' la cic chan doing cao cua AABC xuat phit tir A, 
B, C toong tjfng) 

Viy chin diem M, N, P, E, F, K, A', B', C' nim tren mot diTtmg tron. 

Bai 20. Trong mit phing toa do Oxy, cho diem A(-2, 2) va doing 
thing d di qua A co he so goc bing 1. Goi B la diem di dong 
tren d. Goi C la diem sao cho tvi giic OABC la mot hinh binh 
hanh. Tim phoong trinh tip hop: 


22 





a i Tam I cua hinh binh hanh OABC. 
b) Trong tam G cua YABC. 

Gidi 

a) • Phncrng trinh dtfong thing d: 

y - 2 = x + 2 
ox-y+4=0 

• B e (d) <=> x B - yB + 4 = 0 (*) 

• I la tam hinh binh hanh OABC o 01 = ^OB 

2 


c^> V(0; -): B -> I 

2 



Thay v&o (*) ta c6: xi - yi + 2 = 0 

Vay: Tap hop cac tam I la dtfdng thing x - y + 2 = 0. 

b) G trong tam AABC <=> OG = -OB 

3 

o V(0; -): B ,-> G 

3 



3 

x b = 2 X g 


I yrn ~2^° 

Thay vao (*) (6 cau (a)), ta co: 
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8 

Vay: Tap hop cac trong tain G la ducrng thang x - y + - = 0 

3 

Bai 21. Chufng minh rang hai hinh vuong bat ky dong dang voi 
nhau. 


Giai 

A" A ’ B ' 



Cho hai hinh vuong bat ky ABCD vh A'B'C’D' 

• Tnrdc het tinh tien theo vecto AA', hinh vudng ABCD bi£n 
thanh hinh vuong A"B"C"D" 

• Tiep theo. thuc hien phep quay tai A', goc quay cp = ( A'D’, A'D') 


• Say cung, thifc hien phep vi tu tam A’ ty so k = 


A'B' 

AB’ 


Khi d6 hinh vuong A'B'C'D' co done, bang edeh thiic hien li&n 
tiep ba phdp dong dang T^., Q(A', <p), V(A', k). 


Vay hai hinh vuong bat ky dong dang vdri nhau. 


Bai 22. Cho luc giac deu ABCDEF co tam O. Hay chi ra it nhat hai 
phep ddi hinh bi£n hinh binh hanh ABOF thanh hinh binh 
hanh CBOD. 

Giai 


• Xet phep ddi hinh Dob. ta co: 
Dob: A -» C 

o 
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A 


B 


B-> B 

O-> O 

F-> D 

Vay phep dch hinh B 0 b bien hinh 

binh hanh ABOF hinh binh hanh 
CBOD. 

• Xet phep den hinh QiO; -120). ta co 
Q(0; -120"): A —C 
B —D 
O —* O 
F —> B 

Vay phep den hinh Q(0; -120") bien hinh binh hanh ABOF 
thanh hinh binh hanh CDOB 



Cl BAI TAP NANG CAO 



Bai 1. Cho \ABC ve phia ngoai tam giac dpng ba tam giac ddu 
A t BC, AB,C, ABCi. Chdng minh rhng AA 1; BB U CC, dong quy. 


Giai 

Goi I la giao diem cua AA ; va CCi Ci 
Xet phep quay Q(B; 60"). ta co: 

Q(B; 60°): A x -> C 

A — -» Ci 

Theo tinh chat phep quay: Q(B; 60°): B 

AjA -■> CC! 

=> AIC, = 60° 

Lay tren canh CCi diem E sao cho IE = IA A 
=> AAIE deu 

Xet phep quay Q(A; -60°), ta co: 

Q(A; 60°): B -> Cj 
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Vi Ci, E, C thdng hang nen B, I, Bi thdng hang. Dieu nay co 
nghia la AA], BBi, CCi dong quy tai I. 

Chu y: Qua chufng minh tren, ta de dang suy ra duqc: 

AAi = BB i = CCi. 


Bai 2. Cho AABC. Tim diem M ndm trong mat phdng chufa aABC 
sao cho flM) = MA + MB + MC dat gia tri nho nhat. 


Giai 

Xet phep quay Q(B; -60°) ^ 

Gia suf trong phep quay nay, thi: / \\ 

Q(B; -60°): C i-► A x / \ 

M -> M! / \m\ 

Theo dinh nghia cua phdp quay B -—^ C 

thi BM = BM’ va MBH, = 60° \X = ' / 

AMBM] deu BM = MMj (1) \ M J 

Theo tinh chat cua phep quay thi CM = AiMi (2) \ / 

Til (1) va (2) => f(M) = MA + MB + MC V 

= AM + MMi + MiAi > AAi 1 
=> minf(M) = AAi 

Dau “=” <^> A, M, Mi, Ai th&ng hang. 

Luc nay: Q(B; -60°): M ->■ M, 


=> Q(B; -60°): MC - 
=o () = 6o° 

Ma BMMi = 60° 

=* BMC = 120° 


MiA, 


AMB = BMC = CHA = 120 c 


M chinh giao diem cua ba cung chufa goc 120° dung tren ba 
canh AB, BC, CA. 

Vdy flM) dat gid tri nho nhat o M chinh la giao diem cua ba 
cung chufa g6c 120° dung tren ba canh AB, BC, CA. (diem M luc 
nay con goi Id diem Toriselli). 
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Bai 3. Cho aABC nhon. Gpi M* la diem ciie tieu cua ham diem 
f(M) = MA + MB + MC. 

Chiing minh rang: 

a 2 M*A + b 2 M*B + c 2 M*C < ~(M*A + M k B + M*C) 3 . 

3 

(De tin Olympic 30 - 4, Idn IX, nam 2003) 


Giai 

Theo ket qua bai 2: M* nhin ba canh AABC diidi goc 120° 

M'A = x > 0 

Dflt: <!m‘B = v > 0 A 

• %/ 

M‘C = z > 0 

2 2 2 

a = y + z + yz 

=> ■ b 2 = z 2 + x 2 + zx b a C 

!c 2 = x 2 + y 2 + xy 

(Do dinh ly ham cosin) 

Do do, bat dang thiic chiing minh tiicrng diicfng 

(y 2 + z 2 + yz)x + (z 2 + x 2 + zx)y + (x 2 + y 2 + xy)z < i(x + y + z) 3 

3 

« x(y 2 + z 2 ) + y(z 2 + x 2 ) + z(x 2 + y 2 ) + 3xyz < -(x + y + z) 3 

3 

1 , 

o xy(x + y) + yz(y + z) + zx(z + x) + 3xyz < — (x + y + z) 

3 

o 3(xy + yz + zx) < (x + y + z) 2 

o xy + yz + zx < x 2 + y 2 + z 2 

<=> (x - y) 2 + (y - z) 2 + (z - x) 2 > 0 (luon dung) 

=> (dpcm). 


Bai 4. Cho I la tarn di/ong tron noi tiep AABC. Chiing minh rang: 

a. IA + b IB + cIC = 6 

ifDe tlii Olympic toan quoc t$, n&m 1982) 
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Giai 


Goi M, P, K lan lucrt la tiep diem 
cua (I) vdi cac canh BC, CA, AB. 

Xet phep quay Q(I; -90°), trong P 

phep quay nay. gia sU: 

Q(I; -90°): M -> M 

P —-> P' 

K —K 
jPK = IA-sinA 
Khi do: 'iPK = P'K' 

P'K' 1/ IA (Vi P'K - 1 PK va IA i PK) 

==> IA .sinA = KP' 

Chung minh tuong tu 
IB .sinB = P'M’ 

IC .sinC = M'K' 

Vay: IA .sinA + IB .sinB + IC .sinC 

= KP' + P’M' + M'K' = 6 
hay a. IA +b.IB + c. IC = 0 

Bai 5. Cho AABC nhon. Dung hinh vuong noi tiep trong tarn giac 
co hai dinh tren canh BC, mot dinh tren canh AB va mot 
dinh tren canh AC 

Giai 

• Phan tick 

Gia sU dung duuc hinh vuong MNPQ thoa dieu ki^i bai toan. 
MN 

Dat k = ——- e (0. 1). ThUc hien phep vi tu tarn A ty so k thi 
BC 

M bien thanh B, N bien thanh C va hinh vuong MNPQ bien 
thanh hinh vuong BCDE. Suy ra A, P, D thing hang va A, Q, 
E thing hang 

• Cac/i dung 

+ Dung hinh vuong BCDE a ngoai AABC 
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A 


+ AD c&t BC tai P 
+ AE c&t BC tai Q 
4- Dung PN //CD (N € AC) 

+ Dung NM // BC (M e AB> 

Thi MNPQ la hinh vuong can dung 

• Chitng mink. 

+ Theo each dung, ta co t \i giac 
MNPQ noi tiep trong AABC 

+ Ap dung dinh ly Talet, ta co: 

AM AN AP AQ =k 
AB " AC ” AD " AE 

Do do V( A, k) MNPQ-► BCDE 

Ma BCDE la hinh vuong nen MNPQ la hinh vuong 

• Bion luan 

Vi \ABC nhon nen AD luon c&t doan-BC tai diem duy nhat. Do 
do, hai loan luon co mot nghiem hinh 

Bai 6. Cho tu giac ABCD co AB = J3 , 1C = 3, CD = 2\/3, 
BAD = CDA = 60°. Tim so do cua cac g ABC va BCD 

Gidi 

• Xet tjnh tien T [)C , ta co: 

T,k- : A * A' 

Khi d6 ADCA’ lh hinh binh hanh 
va BAA =60" 

(vi DAA' = 120° va DAB = 60°) 

• Trong AABA'. ta co: 

A'B 2 = AB 2 + AA' 2 - 2AB.AA .cos60° 

= 3 + 12-2 J 3 2 v/3 . - 

2 

= 9 

=? A'B = 3 


A 2V3 A - 
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=> AA' 2 = 12 = 9 + 3 = A'B 2 + AB 2 
AABA' vuong tai B 
• A'B = BC = 3 AA'BC can tai B 
^ BCA' = BAX^ = 30° 

=> BCD = 120° - 30° = 90° 

Va ABC = 360° - (90° + 120°) = 150°. 


Bai 7. Cho hinh vuong AJBCD, canh a va MNPQ la tuf giac loi co 
bon dinh M, N, P, Q lan lucft thuoc bon canh AB, BC, CD, DA. 

Chufng minh r&ng chu vi ciia tU giac khong nho hon 2a J 2 . 


Giai 

Goi N] va N 2 lan lirot la cac dinh 
doi xi/ng cua N qua B va C. 

Tiep theo, goi N 3 la diem doi 
xiirng cua N 2 qua AD. 

Khi do: 

MN + NP + PQ + QM 
= (MN + QM) + (NP + PQ) 

= (MN! + QM> + (N 2 P + PQ) 


N, 



> QN, + N 2 Q > QN, + QN 3 > N,N 3 = 2a y'2 


Vay: MN + NP + PQ + QM > 2a v 2 


Bai 8. Tren doan AD co dinh dung hinh binh hanh ABCD sao cho 

^5 = 55 Tim q U y tich dinh C cua hinh binh h4nh. 

AD AB _ 

Giai 

Lay A lam goc toa do va dung he true toa do Oxy sao cho true 
hoanh la duemg thang noi A. D va co chieu duefng tCr A den D 
(xem hinh ve). 

Trong hp true toa do nay, khong giam tinh tong quat ta co the 
xem diem D co toa do la (1, 0). 

Goi B(x, y) thi C(x + 1, v) 
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uu . 4, AC BD 

Khi do:-=- 

AD AB 


<=> AC 2 .AB 2 = AD 2 BD 


i Dn2 


B(x,yrv C(x+1 ;y) 


<x> [(x + l) 2 + y 2 ) (x 2 y 2 ) / j / / \ 

= < x - lt2 + y 2 ( O.A 0(1:0)) >X 

o (x 2 + y 2 ) (x 2 + y 2 + 2x + 1) \ J 

- x 2 + y 2 - 2x + 1 X '''~-^ 

<=> (x 2 + y 2 ) (x 2 + y 2 + 2x) = 1 - 2x 
(x 2 + y 2 + IKx 2 + y 2 + 2x - 1) = 0 
c=> x 2 + y 2 + 2x - 1=0 
(x + l ) 2 + y 2 = 2 

Tir day. suy ra quv tich cua B la duong tron tam I(-l, 0), ban 
kinh \i2 (I chinh la diem doi xufng cua D qua A) 

Ho rang: T AD : B C 

Vay quy tich cua C la tinh tien cua quy tich B theo AD, tufc la 
quy tich cua C la difdng tron tam A, ban kinh v2 . 


OA 0(1:0) 


Bai 9. Cho tii giac loi ABCD. Chiifng minh: 

2.Sabcd ^ AB.CD + BC.AD, 
trong do S A bcd la dien tich cua tuf gi£c ABCD. 

(Tap chi “Toan hoc va Tuoi tre”) 


Giai 

Goi (d) la ducrng trung true cua doan BD va C : la anh cua C 
trong phep doi xufng qua (d). , 


Khi do: 


DC, = BC, BC = DC 
ABC,D = ADCB 


Suy ra: 


>AB('D = S\ABD + S v DOB = S\ABD + S^D 



~ ^ABC,D ~ SaABC, + ^mDC, 
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= — AB.BCi.sin ABC, + - AD.CDi.sin ADCi 
2 1 2 

< 1aB.BC, + iAD.DC, 

2 2 


Vay: Sabcd < 1(AB.DC + AD.BC). 
2 


Bai 10. Trong mat phang toa do Oxy, cho phep bien hinh T bien 
diem bat ky M(x, y) thanh diem M’(x’ t y') sao cho: 


I x' = — + j 

J 2 

: , x%/2 

y = 


J3 


y 

2 


a) Chijfng minh rang tap hop nhCfng diem bat dong cua T. (Tufc la 
nhCtng diem M ma T(M) = Mi la mot ducrng thang d. 

b) Chufng minh rang T la phep doi xufng qua d. 


Giai 


a) Diem M(x, y) la diem bat d&ng ciia T khi va chi khi 

1 X yj3 



— * y— 

2 ' 2 

xV3 y 
2 2 


jx - yV3 = 0 

<=> y = 

Xv3 - 3y = 0 



V$y tap hop cac diem bat dong cua T la ducmg thang d co 

v/3 

phufong trinh la y = — x. 

3 

b) Be chufng minh T la phep doi xufng qua d, ta se chufng minh M 
doi xurng vdi M’ qua d. (la xong). 

Dudng th4ng MM’ co vec to chi phuong: 

MM = (x’ - x, y’ - y> 



\f3 x \J3 3v) 

y ~2~2’~2~~ Yj 
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= j ^ ( > v'3 - x),^~(x - V3y)j 

= -(x - v'3 y) (-1, V3 ) 

6 


Mat khac, vecto chi phi/ong cua d la- 
a,; = (3, v3 ) 

MM a d =-3 + 3 = 0 

^ d i MM' (1) 

Hon ntfa, to£ 

ix, =1 

; 2 

ks 

i ' / 

=>yi- ~~~ xj = (>/3 x + y) - ^(V3 + y) = 0 

3 4 4 

=> I e (d) (2) 

TCf (1 1 va (2) => (d) la trung true cua doan MM’. 

=> (dpcm). 


i do 

trung 

diem 

1 

cua doan 

MM’ 


+ X M > 

c 


X 

v'3 . 

v'3 


- -I x 

4- 

— +y 
2 * 

2 j 

4 

<y M 

+ y M » 

1: 


x%/3 

\ 

y : 

1, 

= —: y 
2l 

4- 

2 

_ r_ i 

2 j 

= -( 

4 


W3x + y) 


D/ BAI TAP TRAC NGHI$M 6N TAP CHliONG I 

Bai 1. Cho goc nhon xOy va A thuoc mien trong cua goc nay. Diem B 
thuoc tia Ox (B * 0). Tim C thu6c tia Oy sao cho chu vi AABC 
nho nhat. 

□ a. C la hinh chieu cua A tren Oy 
Q b. C lh hinh chieu cua B tren Oy 
Q c. C la hinh chieu trung ditim I cua doan AB tren Oy 
I | d. Mot dap so khac. 

Bai 2. Cho AABC, duonig cao AH, trung tuy£n AM. Goi E 1 k diem doi 
xtfng cua A qua BC. Keo d&i AM ve phia M mot doan AM = MD. 
Chon dap an sai. 

[ | a. BCDE la hinh thang can 
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□ b. BE = CD 

I 1 c. ABEM la hinh vuong 

□ d AB = CD. 

Bai 3. Cho ducrng tron (d): x 2 + y 2 = 1. Tim phuorng trinh cua ducrng 
tron (Vf): doi xufng vdi (<) qua diem A(l,l). 

□ a. (x - 2) 2 + (y - 2) 2 = 2008 
I | b <x - 2) 2 +(y - 2) 2 = 1 

□ c. (x - 2) 2 + y 2 = 1 

□ d. (x - 2) 2 + (y - 1) 2 = 1. 

Bai 4. Cho hinh vuong ABCD. Dung ben trong hinh vuong mot tarn 
giac can CDE vdri ECD = EDC = 25°, dung ra phia ngoai hinh 
vuong mot tarn giac deu CDF Chon dap an sai. 

I | a. ACEF can tai F [] b. T RA (,F) = F 

□ c. aABE deu □ d. AED = 77° 

Bai 5. Cho AABC deu. Goi P, Q lan luqt la hai diem tren canh AB, 
AC sao cho AP = CQ. Xac dinh phep quay bien CQ thanh AP. 

□ a. Q (B, 45°) 

□ b Q (G, 120°) (vdri G 1& trong tarn aABC> 

Qc. Q (M, 180°) (vdi M la trung di4m canh AC) 

[] d. Q (N, 90°) (vdri M la trung diem cua BC va N nam tren 
canh AM sao cho BC = 2MN). 

Bai 6. Cho AABC vuong can tai B va I la tarn ducrng tron n6i tiep cua 
tam giac. Xet ph6p quay tarn B, goc (p bien C thanh A, I thanh 
J, BI cat AC tai M, qua phdp quay tren, M bien thanh N. Chon 
dap an sai. 

I I a. aAIJ deu Qj b aBMN vuong can 

I I c. IAJ = 45° Q d. MBNA la hinh vuong 

Bai 7. Cho dudng trdn (O) co AB va CD la hai ducrng kinh. Goi E la 
trung diem AO, CE c4t AD tai F. Tim ty so k cua phep vi tu E, 
bien c thanh F. 

□ a -k = -| □bk = -I 

□ c. k = - j □^.k = -i 

4 3 
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Bai 8. Cho diking tron (V'T): (x - l) 2 + y 2 = 1. Viet phirong trinh cua i'f) 
la anh cua (>0 qua phep vi tii tarn O, ty so k = 2. 

□ a. (x - 2) 2 + y 2 = 4 | | b. (x + 2) 2 + y 2 = 4 

□ c, (x + 2) 2 +(y - l) 2 = 5 □ d. (x - 2) 2 + (y + l) 2 = 5. 

Bai 9. Cho hinh vuong ABCD. P thuoc canh AB, H la chan difdng 
tron vuong goc ha tCr B tdfi PC. Phep dong dang bien tam giac 
BHC thanh tam giac PHB. Tim anh cua B va D 

□ a. H va Q (Q e canh BC va BQ = BP) 

□ b. C va Q (Q e canh BC va BQ = BP) 

D «• P va Q 

□ d. P va C. 

Bai 10. Cho AABC vuong tai A, dtfdng cao AH. Goi M, N la cac diem 

thuoc canh AB, AC sao cho BM = -AB, AN = ^AC. Chon dap 

3 3 

an sai: 

□ a AAHB co aCAB □ b. AAHB co aCAB 

□ c. aHBM co aHAN □ d. AAMN co aABC. 

Bai 11. Tim ph^p tinh tien T v bien parabol y = x 2 (P) thanh parabol 
y = x 2 + 4x (P’). 

□ a. v = (-2, 4) nb. v=(-2, -4) 

□ c. v = (2, 8) Dd. v = (2, -8). 

Bai 12. Cho A(3, 1), B(-2, 3). Tim M tren dtfdng th^ng x = 1 va co 
hinh chieu cua no tren true tung la N sao cho AMNB ngSn nhat 

□ a. M(-l, -2) □ b. M(l, 2) 

□ c. M(l,-2) □ d. M(-l, 2). 


DAP AN 


Bai 

1 

2 

3 

4 

5 

6 

Dap an 

d 

(C 

b 

d 

b 

a 

Bai 

7 

8 

9 

10 

11 

12 

Dap an 

d 

a 

c 

d 

b 

b 
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(gBMlSBg] DDo 

duGng thAng vA mat phAhg 

TRONG KHONG GIAN. QUAN Ht SONG SONG 

A/ t6m tat giao khoa 

§1. DAI CHONG VE DD'OMG THANG VA MAT PHANG 

1 . Md dau ve hitth hoc khdng gian 

• Mdt phdng: 

Trang giay, mat bang den, mat ttfdng ldrp hoc, mat ho lAng gio, 
mat ban, tarn gucmg phang... cho ta hinh anh mot phan mat 
phang trong khong gian. 

• Di$m thuoc mdt phdng 

+ Neii diem A thuoc mat phang (P), ky hi§u A e mp (P) hoAc 

A e (P) 

+ Neu diem A khong thupc mat phang (P), ky hi?u A e mp (P) 
hoac A e (P) 

• Hinh bitzu dien cua mot hinh trong khong gian 

+ Hinh lap phtfong la hinh nAm trong khong gian, no co sAu 
mat la sAu hinh vuong. 

+ Hinh td di#n cung la hinh nAm trong khong gian, n6 c6 bdii 
mat la bon tarn giAc. Be de hinh dung, ngddi ta ve chiing 
thAnh nhdng hinh phang, goi la hinh bieu dien cua cac hinh 
khong gian d6. 


Hai hinh bi&u dikn cua hinh Idp phiiong 









De ve hinh bieu dien cua mot hinh trong khong gian ngikri ta 

dita vao nhtfng quy tic sau day 

+ Hinh bieu dien cua diking thing la diking thing, cua doan 
thing la doan thing 

+ Hinh bieu dien cua hai diking thing song song la hai diking 
thing song song, cua hai diking thang cit nhau la hai diking 
thing cit nhau. 

+ Hinh bieu diin phai giuf quan he thuoc giCfa diem vk difdng 
thing. 

+ Dung net ve lien (-> de bieu dien cho nhufng hinh trong thay 
vk dung net dirt, doan (...) de bieu dien cho nhtfng difdng bi 
khuat. 


2 Cac tinh chat thifa nhan cua hinh hoc khong gtan 

Tinh chdt 1. Co mot va chi mot diking thing di qua hai diem 
phan biet cho trade. 

Tinh chdt 2. Co m6t va chi mot mkt phing di qua ba diem khong 
thing hing. 

Tinh chdt 3. Ton tai bon diem khong nim tren mot mat phing. 

Tinh chdt 4 Neil hai mat phing phan biet cd mot diem chung 
thi chung cd mot diking thing chung duy nhat chda 
tat ca diem chung cua hai mat phing do. 

Biking thing chung cua hai mat 
phing phan biet goi la giao 
tuyen cua hai mat phing do. 
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Tinh chat 5. Tren moi mat phing, cac ket qua da biet trong 
hinh hoc phing deu dung. 

Dinh ly: Neu mot dating thing di qua hai diem phan biet cue mot 
mat phing thi dieting thing nim tren mat phing do. 

3. EHeu kieti xdc dinh mot mat phdng 

Mot mat phing dtioc xac dinh mot trong ba each sau day 

• Mot mat phing xac dinh neu biet no di qua ba diem khdng 
thing hang. 

• Mot mat phing diipc xac dinh neu biet no di qua mot dieting 
thing va mot diem khong thuoc dieting thing do. 

• Mot mat phing difoc xac dinh neu biet no di qua hai dieting 
thang cit nhau. 

Ky hieu: 

• Mat phing di qua A, B, C phan biet khong thing hang, kv 
hieu la mp (ABC). 

• Mat phing di qua A va dating thang d (A <2 d), ky hieu la 
mp (A, d) ho$c mp (d, At 

• Mat phing di qua hai dating thing cit nhau d va d’, ky hieu 
la mp (d, d’). 

4. H'tnh chop va ti( dien 

Dinh nglila 1: Cho da giac A u A 2 , ..., A„ (n > 3) va mot d;em S 
nim ngoai mat phing (P) chufa da giac noi S vtii cac dinh AjA 2 .. 
A„ tao ra tarn giac SAiA 2 , SA 2 Ah, SA„Ai. Hinh gitia n tam giac 
SAiA 2 , SA 2 A 3 . SA n Ai va da giac A, A 2 ... A n goi la hinh chop, 
ky hieu la S.A)A 2 ... A n . 

+ Diem S goi la dinh cua hinh chop 

+ Hinh da giac AjA 2 .. A n goi la mat day cua hinh chop 

+ Cac canh cua mat day goi la canh day cua hinh chop 

+ Cac doan thing SA lt SA 2 , .... SA n goi la cac canh b^n ciia 
hinh chop. 
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+ Cac tam giac SAiA 2 , SA 2 A 3 , ..., SA.A, goi la cac mat ben cua 
hinh chop 

+ Neu day cua hinh chop la tam giac, tii giac, ngu giac... thi 
hinh chop tuong ling goi la hinh chop tam giac, hinh chop 
tii giac, hinh chop ngu giac.. 

Dinh tighter • Cho bon diem A, B. C, D khong dong ph&ng. 
Hinh gom bon tam giac ABC, ACD, ABD va BCD goi la 
hinh tii dien. 

+ Cac diem A, B, C, D goi la cac dinh cua hinh tuf dien 

+ Cac doan th&ng AB, AC, AD, BC, CD. DB goi la cac canh 
cua tuf dien 

+ Hai canh khong cung di qua mot dinh goi la hai canh doi 
dien 

+ Cac tam giac ABC. ACD, ABD va BCD goi la cac m&t cua 
hinh tuf dien 

+ Dinh khong n&m tren mot mat goi la dinh doi dien ciia m&t 

do. 

+ Hinh tu dien co the xem la hinh chop tam giac. Khi do moi 
dinh cua hinh tuf dien co the xem la mot dinh ma hinh chop 
ttfong ufng. 
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§2. HAI DD'ONG THANG CHEO NHAU VA 
HAI DtrOfNG THANG SONG SONG 


1. Vi tri ttiting doi gitfa hai dieting th&ng phdn biet 
Dinh nghla: 

• Hai ddbng thing goi la cheo nhau neu chung khong cung 
nAm trong mot mat phing. 

• Hai difdng thing goi la song song nhau neu chung d6ng 
phing va khong co diim chung. 

2. Cac tinh chat ctia hai dieting thing song song 

Dinh ly 1: Trong khong gian, qua mot diem khong nAm tren 
ddbng thing cho trddc, co mot va chi mot ddbng thing song 
song vdi ddbng thing da cho. 

Dinh ly 2: Hai ddbng thing phan biet cung song song vdi mot 
ddbng thing thuf ba thi song song vdi nhau. 

Dinh ly 3: (Vi giao tuyen cua ba mat phing) 

Neu ba mat phing phan bidt doi mot cAt nhau theo ba giao 
tuyen phan bigt thi ba giao tuyen ay hoAc dong quy hoAc doi 
mot song song vdi nhau. 

He qua: 

Niu hai mat phing phan bi$t lan lddt chufa hai ddbng thing 
song song thi giao tuyen cua chung (neu co) cung song song 
vdi hai ditdng thing do hoac trimg vdi mot trong hai dudng 
thing do. 
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BUfiNG THANG SONG SONG VOTE MAT PHANG 


1. Dinh tight a: Dudng thAng d va mAt phAng (a) goi la song song vdi 

nhau neu chiing khong cd diem chung. 

Ky /lieu: d // (a) hoAc (a) // d. 

2 Cdc tilth chat ciia dtfcfng thdng song song vdri mat phdng 

Dinh ly 1: Neu dating thAng d khong nAm mAt phAng (a) va d 
song song vdi di/dng thAng d‘ nAm trong (a) thi d song song 
vdi (a). 

Dinh ly 2 Cho dating thAng d song song vcfi mAt phAng (a). Neu 
mAt phAng ((3) chiia d va cAt (a) theo giao tuyen d’ thi d’ 
song song vdi d. 



He qua: Neu hai mAt phAng phan biet cung song song vdi mot 
dudng thAng thi giao tuyen cua chung (neu cd) cung song 
song vdi dddng thAng do. 

Dinh ly 3: Cho hai dudng thAng chdo nhau. Co duy nhat mot 
mAt phAng chda dudng thAng nay va song song vdi dudng 
thAng kia. 
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§4. HAI MAT PHANG SONG SONG 


1. E>inh nghia: Hai mat phang (a) va (3) goi la song song vdi nhau 
neu chung khong co diem chung 

Ky hieu. (a) // (p) hoac (p) // (a). 

2. Cac tinh chat cua hai mat pitting song song 

Dinh ly 1: Neu mat phing (a) /' 3 / 

chiifa hai diidng thang cat X / 

nhau a. b va a, b cung song 

song vch mat phang <P) thi /- ~7 

(a) song song vai ep>. / / 


Dinh ly 2 Qua mot diem nam ngoai mot mat phang cho trude co 
mot va chi mot mat phang song song veil mat phang da cho. 

He qua 1: Neu diking thang d song song veil mat phang <ctj thi 
trong (a) cb duy nhat mot diidng thang song song veil el va 
qua d co duy nhat mot mat phang <P) song song veil (a) 

He qua 2: Hai mat phang phan biet cung song song vdi mat 
phang thuf ba thi song song vdi nhau. 

He qua 3: Cho diem A nam ngoai mat phang (a). Moi di/dng 
thang di qua A va song song vdi (a) deu nam trong mat 
phkng di qua A va song song vdi (a). 

Dinh ly 3. Cho hai mat 
phang song song. Neu 
mot mat phang cat mat 
phang nay thi cung cat 
mat phang kia va hai 
giao tuyen cua chung 
song song vdi nhau. 

He qua 4: Hai mat phang 
song song chan tren hai 
cat tuyen song song 
nhiifng doan thang bang 
nhau 
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3- Dinh ly Ta-lct (Thales) 

Dinh ly 4 (Dinh ly Ta-let thuan) 

Ba mat phang doi mot song song 
chan tren hai cat tuyen bat kv cac 
doan thang tucrng Ung ti le. 

AB BC CA 
A B B C C A 



Dinh ly 5: lDinh ly Ta-let dcio) 

Gia sii tren hai ducrng thang cheo nhau d va d’ lan Inert lay cac 
diem A, B, C va A', B’, C’ sao cho B nam giufa A va C. B’ nSm 

AB BC CA 
BC ~ 


giOfa A va C’ va 


A B BC C A 

Khi do, ba ducrng thang AA’, BB’. CC’ lan Inert nam tren ba mat 
phang song song, the la chiing cung song song vch mot mat phang. 

4. Hath long tru va hinh hop 

• Dinli nghia hinh l&ng tru: 


Cho hai mat ph^ng song 
song (a) va (a’). Tren (a) cho 
da giac loi A]A 2 ...A n . qua cac 
dinh A,, A 2i ... A„ ta ve cac 
dudng thang song song voi 
nhau va cat (ex'> lan Inert tai 
A'i, A’-. .... A'„. Hinh gom 
hai da giac A 1 A 2 ...A M , 
A’ 1 A’ 2 ...A n va cac hinh binh 
hanh AiA j A 2 A 2 , A 2 A jA ^Ai, 
A n AVA'iA; duerc goi la 
hmh lang tru va ky hieu la: 
A A. A , A' A A 
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+ Hai da gidc A,A 2 ...A n> A'iA’ 2 ...A’ n dupe goi la hai mat day cua 
hinh lang tru. 

+ Cdc doan thing AjA’x,. A 2 A’ 2> . A n A’ n dupe goi la cac canh 

ben cua hinh lang tru. 

+ Cac hinh binh hanh AiA’iA’ 2 A 2 , A 2 A’ 2 A’ 3 A 3 , A.A’uA’iA! 

dupe goi la cac mat ben cua hinh lang tru. 

+ Cac dinh cua hai da giac dupe goi la cac dinh cua hinh lang tru. 

+ Neu day cua hinh lang tru la tarn giac, tP gidc, ngu giac,... 
thi lang tru tuong Png dupe goi la lang tru tam gidc. lang 
tru td gidc, lang tru ngu gidc... 

• Cdc tinh chat cua hinh ldng tru: 

+ Cac canh ben cua hinh ldng tru bang nhau va song song vpi nhau. 
+ Cdc mdt ben cua hinh ldng tru la hinh binh hanh 
+ Hai ddy cua hinh lang tru Id hai da gidc bang nhau. 

• Dinh nghla hinh hop: 

+ Hinh ldng tru co day Id hinh binh hanh dupe goi la hinh hop. 

+ Hinh ldng tru co ddy va cdc mdt ben la cdc hinh chP nhdt 
dupe goi la hinh hpp chuf nhdt. 

+ Hinh lang tru co ddy va cdc mdt ben la cdc hinh vuong dupe 
_ goi la hinh lap phuong. _ 

B/ BAI TAP CAN BAN 

Bai 1. Cho S la mot diem khong thuoc mdt phdng chda hinh binh 
hanh ABCD. Tim giao tuyen cua (SAC) va (SBD). 

Giai 

Goi O la tam hinh binh hanh ABCD. 

m , fOeACc (SAC) 

Ta co: < 

jOeBDc (SBD) 

=> O e (SAC) ^ (SBD) (1) 

Mat khac: S e (SAC) n (SBD) (2) 

TP (1) va (2) suy ra: 

SO = (SAC) (SBD). 


S 
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Bai 2. Cho tur dien ABCD Goi I, K lan liipt la trung diem cua AD 
va BC. 

a) Tim giao tuyen cua hai mat phkng (IBC) va (KAD) 

b) Goi M va N la hai diem lan loot lay tren cac doan thang AB 
va AC. Tim giao tuyen cua (IBC) va (DMN). 

Giai 

a) Ta co: 

• IeADc (KAD) 

=> I e <KAD) 

=s I e (KAD) ^ (IBC) (1) 

• K e BC e (DBC) 

=> K 6 (IBC) 

=> K e (KAD) r> (IBC) (2) 

Tii (1) va (2) => IK = (KAD) o (IBC) 

b) • Trong (ACD): Goi E la giao diem cua Cl va DN. 

• Trong (ABD). Goi F la giao diem cua BI va DM. 

Khi do E, F la hai diem chung phan bi^t cua (IBC) va (DMN). 
Vay EF la giao tuyen cua (IBC) va (DMN). 

B&i 3. Cho hinh chop tuf giac S.ABCD co day lk hinh binh hanh. Goi 
M va N theo thd tit la trung diem cua AB va SC. Tim giao diem I 
va J cua mp(SBD) theo thd tii vdi cac duong thkng AN va MN. 

Giai 

S 

• Goi I la giao diem cua hai trung 
tuyen SO va AN cua AS AC. 

R6 rkng I e SO c (SBD). 

Nen I chinh la giao diem 
cua AN vdri (SBD) 

• Trong (ABN), MN va BI la hai 

ducmg thkng kliong song song 
nen cat nhau tai J. AM 

Horn nufa: J e BI c (SBD) 

Nen J chinh la giao diem cua MN vdi (SBD). 
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Bai 4. Cho hinh chop S.ABCD, day ABCD la hinh thang, day lorn la 
AB. Goi I, J lan lifpt la trung diem SA, SB M la mot diem tuy 
y thuoc doan SD. 

a) Tim giao tuyen cua (SAD) va (SBC). 

b) Tim giao diem cua IM va (SBC). 

c) Tim giao diem cua SC va (IJH). 


Gidi 


a) Goi 10) = AD ^ BC (Trong (ABCD)) 

.. fO e AD c (SAD) 

Khi d6: < 

[O e BC c (SBC) 

=> O e (SAD) r > (SBC). a 4 


Mat khac: S e (SAD) o (SBC). 
Vay: SO = (SAD) o (SBC), 

b) Goi IK) = IM r- SO (Trong (SAD)) 

irw a- i K e IM 

Khi do: • 



[K e SO c (SBC) 


=» IK) = IM n (SBC), 

c) Goi IHI = SC o JK (Trong (SBC)) 


Khi do: ( 


fHeSC 


HeJKc (IJK) a (IJM) 


=> IH) = SCn (IJM). 

Bai 5. Cho hinh chop S.ABCD. Goi E la giao diem cua AB va CD. 
Tren cdc canh SA, SB, SC, SD kin litqrt lay cac diem Q, M, N, 
P sao cho AM cat DN tai I va BQ cat CP tai J. Chufng minh 
rang: S, E, I, J thang hang. 

Gidi 

Ro rang: (SAB) r> (SCD) = SE 

Ta c6: c (SAB) 

[IeDNc (SCD) 

=5 I e (SAB) n (SCD) 
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=> I e SE (1) 

Mat khac: 

fj e BQ c (SAB) 

I J g CD c (SCD) 

J € (SAB) n (SCD) 

=> J e SE (2) 

Tit (1) va (2) => S, E, I. J thSng hang. D 

Bai 6. Cho t <i dien ABCD Goi E, F, G lan lucrt la ba diem tren ba 
canh AB, AC, BD sao cho EF cat BC tai I, EG cat AD tai H. 
Chijfng minh rang CD, IG, HF dong quy. 

Giai 

Trong (BCD), goi (Kl = CD - IG 
Rb rang (ACD) n (EIG) = HF 
[K e CD c (ACD) 

Hcfn nufa 

(KelGc (EIG) 

=> KE = (ACD) ^ (EIG) 

=> KE e HF. 

Do do CD, IG va HF dong quy t£ 

Bai 7. Cho hinh chop S.ABCD co day ABCD la hinh binh hanh. 
Trong mat phang (ABCD) ve ducmg thang d di qua A va 
khong song song von cac canh cua hinh binh hanh, d cat BC 
tai E. Goi C’ la mot diem nkm tren canh SC. 

a) Tim giao diem F cua CD va (C’AE). 

b) Tim thiet diqn cua hinh chop cat bcfi (C’AE). 

Giai 

a) Trong (ABCD), goi F la giao diem cua CD va AE. 

Khid6. | F * CD 

[F e AE c (CAE) 

=> F chinh la giao diem cua CD vcri (C’AE). 


A 
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E 


B 


C 


b) • Trong (SCD), goi P 14 giao diem cua SD va C’F. 

• Trong (SBC), goi Q la giao diem cua SB va C’E. 

Khi do, thiet dien c4n tim la tuf giac APC’Q 

Bai 8. Cho txf dien ABCD. Tren canh AB lay diem M. Cho (a) la 
mat ph4ng qua M song song vcn AC va BD. 

a) Tim giao tuyen cua (a) vdi cac mat cua tuf dien. 

b) Thiet dien cua tuf dien cat bcri mat phang (a) la hinh gi? 

Giai 


a) • Ta co: 


AC // (a) ! 
AC c (ABC)| 


=> AC // giao tuyen cua (a) va (ABC) 

Do d6, trong (ABC), ke MN U AC 
(N e BC) thi MN = (a) n (ABC). 

BD // (a) 1 

• Ta co: > 

BD c (BCD)! 



D 


=5 BD // giao tuyen cua (a) v4 (BCD) 

Do d6, trong (BCD), ke NP II BD (P e CD) thi NP = (a) o (BCD). 


• Ta co: 


BD // (a) j 

BD c (ABD)f 


=> BD // giao tuyen cua (a) va (ABD). 
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Do do, trong (ABD), ke MQ // BD (Q e AD) thi MQ = (a) r\ (ABD). 

Ta thay P va Q 14 hai diem chung cua (a) v4 (ACD) nen 
PQ = (a) n (ACD). 




b) Theo cau a), ta co: 

MN//AC//PQ) 

NP//BD//MQ] 

r> MNPQ la hinh binh hanh. 

Vay thiet dien cua tuf dien cat bdi (a) la hinh binh hanh MNPQ. 


Bai 9. Cho hai hinh binh hanh ABCD va ABEF khong cung nSm 
trong mot mat phang. 

a) Chiirng minh rang CE // DF. 

AM AN 1 

b) Goi M va N lan loot tr@n AC va AD sao cho-=-=- 

AC AD 2009 

va H, K lan lirot hai diem tren BF va AF sao cho 
FK PH 2008 
FA ‘ PB " 2009 

Chufng mmh rang: MN // KH va NK // DF. 


Giai 

a) Ta co ABCD va ABEF la cac hinh binh hanh nen: 

{DC // AB va DC = AB F_E 

\EF // AB va EF = AB 7\ 

=* DC // EF va DC = EF K A \ " " / \ 


=> I)CEF la hinh binh hanh 

=> CE // DF 




b) • Trong AACD, ta co: (gt) 

AC AD 

=> MN // CD 

MN // AB (Vi CD // AB) 

FK FH 

. Trong ABF, ta co: ^ ^ (gt) 

• r A r d 

=> KH // AB 

TO (1) va (2) =>.MN//KH. 

... ,, , FK 2008 


Mat khac: 


FA 2009 
1 AN 


AK 1 AN T „ ^ 

cz>---=-=> NK // DF. 

AF 2009 AD 
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Bai 10. Cho hai hinh vuong ABCD va ABEF co chung canh AB va nim 
trong hai mat piling khac nhau. Tren cac doan thing AC va BF 
ta lay diem M, N sao cho AM = BN. (a) la mat ph&ng chiVa MN va 
song song vdi AB cit AD va AF lan ltfpt tai M’, N’. 

a) Tuf giic MNN’M’ la hinh gi? 

b) Chufng minh ring M’N’ II CE. 

c) Chufng minh ding MN // (DEF). 


Giai 


AB // (a) 

* a) Taco: JaBc(ABCD) d 

(ABCD) fl (a) = MM’ 

=> MM’ // AB (1) 

Chtfng minh urcmg tp: NN’ // AB (2) 

TCr (1) va (2) ^ MM’ // NN’ 

=> MNN’M’ la hinh thang. F 

b) Ta c6: 

• MM’//CD^~ = — C 

AD AC 

• NN’ // AB ^AN^.M 

AF PF AC 

(Vi AM = BN (gt) va BF = AC = ABy/2) 



NN’ // AB 


TP (1) va (2) => 


AM' AN' 


AD AF 

=> M’N’ II DF, 

Hem nffa DCEF la hinh binh hanh 
(Vi DC It AB ll FE). 

Nen M*N’ II CE. 
fMMV/CD 


c) Ta c6: 


m. 



M’NV/CE 


(Do chufng minh tren) 

=> (a) // (DCEF) s (DEF) 

Ma MN c (a) nen MN // (DEF). 
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Bai 11- Cho til dien ABCD, Goi G 1( G 2 , G 3 lan ltfcrt la trong tarn cac tarn 
giac ABC, ACD va ABD. ChCfng minh rang (GiG 2 G 3 ) // (BCD). 



Goi M, N, P lan li/cft la trung diem 
cac canh BC, CD, BD. 

Khi do: 

G, g AM,G 2 g AN,G 3 g AP 
• AG, AG 2 AG 3 2 
AM ~ AN AD ~~ 3 

jg,g 2 //mn 
^ |g,g 3 //mp 

=* (G,G 2 G 3 ) // (MNP) H (BCD). 



Bai 12. Trong mat ph^ng (a) cho hinh binh hanh ABCD. Ta dung 
cac nua dudng th^ng song song vdri nhau va nam ve mot phia 
doi vdi (a) lan lirpt di qua cdc diem A, B, C, D. Mot mat phang 
(a’) cat bon ntia duomg thang noi tren tai A’, B’, C’, D’. Chufng 
minh rang; 


a) (AA\ BB’) // (CC’, DD’). 

b) A’B’C’D’ la hinh binh hanh. 

c) AA’ + CC’ > 2>/BB'.DD'. 


Gidi 


f 

a) Ta co; l 


AA 7/ DD' 
AB // DC' 


=> (AA’, BB’) // (CC’, DD’). 
(AA', BB ) // (CC', DD ) 
b) Ta co: J(a)D(AA', BB') = A B' 
(a)fl(CC , DD ) = D'C' 


=> A’B’ // D’C’ 


Chufng minh tiicfng tU: A’D’ // B’C’. 



Vfiy A’B’C’D’ la hinh binh hanh. 
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c) Goi fO| = AC n BD 
{O’l = A’C’ n B’D’ 

• Hinh thang AA’C’C c6 00’ la dtfdng trung binh nen 

AA’ + CC’ = 200’ 

• Hinh thang BB’D’D la hinh binh hanh nen BB’ + DD’ = 200’ 
Vi vay: AA’ + CC’ = BB’ + DD’ > VBB'.DD'. 


Bai 23. Cho hai hinh binh hanh ABCD va ABEF khong dong 

ph^ng. Tren cac doan th&ng AC va BF lay cac diem M, N sao 
AM RN 

cho -=-. Chufng minh rang MN // (DEF). 



Tac6 : M = ^ 

AC BF 

Theo dinh ly Thal&s (dao) 

MN !l (CDF) (Vi AB // (CDF), 
CF c (CDF)) 

V§y MN // (DEF). 



Bai 14. Cho hinh lSng tru tam giac ABC.A’B’C’. Goi H la trung 
diem A’B’. 

a) Chdng minh B’C // (AHC’). 

b) Tim giao tuyen d cua (AB’C’) vdi (ABC). 


Giai 

a) Goi I la tam hinh binh hanh 
AA’C’C. Hon nufa, H lh trung 
diem A’B’ nen IH la dudng 
trung binh AA’B’C’. 

Do d6: IH // B’C 

Ma IH c (AHC’) 

Vay B’C // (AH’C). 

b) Ta c6: A e (AB’C’) r. (ABC) 
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B'CV/BC 

Mat khac: - B'C’c(AB'C') 

BC c (ABC) 

=* (AB’C’) n (ABC) = xAy 

(Vdi xAy la difcrng th&ng qua A va song song vdri BC). 


Bai 15. Cho hinh hop ABCD.A’B’C’D’. M, N la hai diem tren canh 


AD va CC’ sao cho 


AM CN 
AD ~ CC' 


a) Chdng minh rang: MN // (AB’C). 

b) Xac dinh thiet dien cua hinh h6p vdi mat ph&ng (a) qua MN 
va song song vdi (AB’C). 


Giai 


a) Ke MP//AC (P e CD) (1) B C 

,, CP AM CN 

Khi do: -=-=- A 

CD AD CC 1 

=> NP // C’D 

S 

Ma C’D’ // AB; 

=> NP li AB’ (2) 

Td(l)va(2) => (MNP)//(AB’C) A’ D’ 

=> MN // (AB’C) (Vi MN c (MNP)). 

b) Goi Q, R, S lan lirqt la cdc giao diem (a) vdi B’C’, A’B’ va AA’. 
• Ta co: 



(a) s (MNP) // (AB'C) 

< (BB'.CC ’) f| (a) = NQ 
(BB',CC')n(AB'C) = B'C 


=> NQ // B’C (1) 

• Ta co: 

MP/AA'B’C'D') (Vi MP // AC // A’C' c (A'B’C’D')) 
• MP c (a) 

(a)n(A'B'C'D') = QR 




=> QR // MP 

=> QR // A’C’ (2) 

• Chufng minh ttfcrng tq nhif (1), ta cung co: 

RS // AB’ (3) 

• Chufng minh tiicfng tq nhii (2), ta cung co: 

SM // A’D (4) 

Suy ra: (a) cit cic mit cua hinh hop theo cac giao tuyen MP, 
PN, NQ, QR, RS vi SM. (Vori MP // AC, PN // C’D, NQ // B’C, QR 
// A’C’, RS // AB’ va SM // A’D). 

Viy MPNQRS la thiet dien can tim. 

Bai 16. Cho tuf dien ABCD. Goi M, N lan lifcrt la trung diem cua 
AB, CD va G la trung diem cua MN. 

a) Chufng minh rSng dtfcrng thing AG di qua trong tarn ABCD. Phat 
bieu ket luan tuong tif doi v6i cac dufcmg thing BG, CG, DG. 

b) Chufng minh ring: GA = 3GA’. 

Giai 

a) • Trong (ABN), AG cit BN tai A’. 

• Ke MI // BN (I e AA’) 

• Xet AABA’ ta co MI li diicmg 

trung binh nen MI = --BA’ (1) 

2 

B 

• Ta co MINA’ li hinh binh 
hinh nen MI = A’N (2) 

TCr (1) vi (2) => BA’ = 2A’N C 

=> A’ trong tarn ABCD. 

Chiing minh turong tq ta cung co BG di qua trong tarn B’ cua 
AACD, CG di qua trong tarn C’ cua AABD vi DG di qua trong 
tarn D’ cua AABC. 

L . [ GI = GA' 

b) Theo cau a), ta suy ra ring: < 

[IA = IA 

=> GA = IA + IG = 2GA’ + GA’ = 3GA’. 



54 






Bai 17. Cho tilf dien ABCD. Goi M, N, P lan hrcrt lk trung diem cua AB, 
AC, AD va K la mot diem bat ky tren NP. Chiing minh rang: 

a) (MNP)//(BCD). 

b) MK // (BCD). _ 

Gidi 


a) Ta co: 

JMN//BC 

[MP//BD 

(Tinh chat dndng trung binh) 
=^> (MNP) // (BCD) 
b) Ta co: 

f (MNP)//(BCD) 
[MKc(MNP) 



=> MK // (BCD). 


Bai 18. Cho hinh lkng tru tarn giac ABC.A’B’C’. Goi M va M’ lan 
ltfot la trung diem cua BC va B’C’ 

a! Chiing minh rang: AM // A’M’. 

b Tim giao diem cua A’M vdi (AB’C’). 

c) Tim giao tuyen d cua (AB’C’) va (A’BC’). 

d Tim giao diem G cua d vdi (AA’M). Chiirng minh rang G la 
trong tarn AAB’C’. 

Gidi 


a) Ta co: 


JMM//BB' 
(MM' = BB' 


fMMV/AA' 

=> ] MM' = AA' 



=> AA’M’M la hinh binh hanh. 

=> AM // A’M’. 
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b) Goi (II =AM’n A M (Trong (AA’M’M)). 

m - fleA'M 
Ta co: < 

lie AM’ c (A'B'C) 


=5 (II = A’M n (AB’C’). 

c) Goi (01 = AB’ n A’B (Trong (AA’B’B)) 
Khi do: O e AB’ c (AB’C’) 

O e A’B c (A BC’) 

(AB’C’) n (A’BC’) 

Hon nda: C’ e (AB’C’) n (A’BC’) 

Vay: OC’ = (AB’C’) r> (A’BC’). 

d) • Goi (G) = OC’ AM’ (Trong (AB’C’)). 

. .. (G e OC' 


Khi do: 


Ge AM'c(AA'M) 


=> (Gl = OC’ n (AA’M) 

• TrQ^tg^AAB’C’ c6 AM’ v& C’O 1& hai trung tuyen 
Nen AM’ C’O = (Gl chinh 1& trong tam AAB’C’. 


Bai 19. Cho hinh chop ttf gidc S.ABCD co ABCD la hinh binh 
hanh. Goi M va N theo thuf tif la trung-diem cua AB va SC. 

a) Xac dinh giao diem I va K cua (SBD) vcri AN va MN Wang tfng. 

b) Tinh_ty so -. 

KN 

IB 

c) Chdng minh ring B, I, K thing hing. Tinh ty so —-. 


Giai 

a) Goi (Ol = AC n BD (Trong (ABCD)). 
(I) = SO n AN (Trong (SAC)). 

(LI cCMnBD (Trong (ABCD)). 
(K1 = SLnNM (Trong (SMC)). 


Khi do: 


1 ' T ‘ J 

i vj* 




--*> D 
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AN fl (SBD) = (II 
MND(SBD) = <K1 







b) Ke NE //CM (E e SL). 


[NE//CL 

Ta co: ■! 1 

NE = -CL 

l 2 


f NE // ML 
| NE = ML 


Vi ML = -CL (Tinh chat trpng tarn) 


=> NEML la hinh binh hanh 

KM , 

=> - = 1 . 

KN 


(Chu y rkng: SK = 3KI ) 
c) Ke U // SO (J e BI) 

[JL//IO f, 

Ta co: i __ 9 _ _ - 


JL//SI 


2 => 1 

JL= 10 JL = - SI 

3 3 


SK' = 3K L 

K = K (Vi SK ' = 3KL ) B 

IB 

B, I, K th&ng hang va -— =4. 

IK 



Cl BAI TAP NANG CAO 

Bai 1. Cho tCif dipn ABCD. Goi I va J lan hrpt la trung diem cua AC 
va BC. Tren canh BD, ta lay diem K sao cho BK = 2KD. 

a) Tim giao diem E cua CD vdi (IJK). Chijfng minh rkng DC = DE. 

b) Tim giao diem F cua AD vdi (IJK). ChOfng minh rkng FA = 2FD. 

c) Chufng minh rkng FK // IJ. 

d) Goi M V& N la hai diem bat ky lkn Uot nkm tren AB v& CD. 
Tim giao diem cua MN vdfi (IJK). 

Giai 

a) Trong (BCD), JK ckt CD tai E, thi E chinh la giao diem cua CD 
vdi (IJK). 

• Ke DH // BC (H e JE) 
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Ta co: 


DH DK 1 
BJ KB 2 


=5 DH = - BJ = -CJ 
2 2 

=> DH la di/dng trung 
binh cua ACEJ 

=> D trung diem CE. 

Vay CD = DE. 



E 


B 



b) • Trong (ACD), IE cat AD tai F, thi F chinh la giao diem cua AD 
vdi (UK). 


• Ro rang F la trong tarn aCAE nen FA = 2FD. 


c) Ta co: 


DF DK 


FA KB 
=> FK // AB 
Ma AB // JI 

^ FK // IJ 

[101 = BN fl JK 
(PI = AN fl IF 


d) Goi 


1 

2 


PQ = (IJK) n (ABN) 


Trong (ABN), M cat PQ tai O. 

Khi do O chinh la giao diem cua MN vdri (IJK). 

Bai 2. Cho lang tru tarn giac ABC.A’B’C’. Goi G, G’ lan lifat la 
trong tam cdc tam gidc ABC va A’B’C’. Mat phang (a) cat AA’, 
BB’, CC’, GG’ lan kfOt tai Ai, Bi, C! v& G^ Chutag minh ring: 

a) GG’ // AA’. 
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b) Gi la trong tam tam giac A 1 B 1 C 1 . 


c) G,G’ = i(A,A’ + BjB’ + CjC’). 

3 

d) G,G = -(A]A + B,B + C,C). 

3 


Gidi 

a> Goi D, D’, Dj lan ltfot la trung diem cac canh BC, B’C’, BjC]. R5 
rang AA’D’D la hinh binh hanh. 



G,D, GO B 


AiGi = 2G)Dj. 

=> G] la trong tam AAiBiCj. 

c) d) Goi E, E’, E, lan lucft la trung diem cac doan AG, A’G\ AiG). 

Khi d6, theo tinh chat diicrng trung binh cua hinh thang, ta co: 

12E,E - A,A + G,G, 2E,E - A,A'+ G,G' 

+ 4G,G =2(E,E + D,D), 4G,G‘ = 2(E,E + D,D) 

[20,0 = 6,8 + 0,0, 2D,D' = B,B'+ C,C' 

=> 3GjG = A]A + B^ + C X C, 3GjG’ = AjA’ + B,B’ + C^’ 

G,G = -(A,A + B,B + C,C) 

Vay: 3 

G,G ' = -(A,A + B,B'+ C,C') 


59 





Bai 3. Cho hinh chop S.ABCD. M n&m ben trong tam giac ABC. Ke 
MA’ // SA, MB' // SB, MC’ // SC (A’ e (SBC), B’ e (SCA), 
C’ e (SAB)). 

a) Tuy theo vi tri cua M, hay trinh bay each dong cac diem A’, 

B\ C’. 

b) Chufng minh rang, khi M thay doi thi gia tri cua dai ltfong sau 
MA' NB' MC' 


-+-+- la hang so. 

SA SB SC 


c) Xac dinh vi tri cua M, de dai lifong 
tri lorn nhat. 


Giai 

f{A, I = AM fl BC 

a) Goi \ (B, 1 = BM fl CA 

[|C,l-CMnAB 

• Trong SAAi, ke MA’ // SA (A' e SAi) 

• Trong SBB lt ke MB’ // SB (B’ e SB,) 

• Trong SCC,, ke MC’ // SC (C* e SC,) 

Suy ra: A’, B’, C’ hoan toan xdc 
dinh theo vi tri cua M. 

b) Theo dinh ly Tal£t, ta co: 


MA ’ .MB' .MC' 
SA.SB.SC 


nhan gia 


cXmV : :t^ c 


MA' 

MA, 

_ S a MBC 

SA 

AA, 

S A ABC 

MB' 

MB, 

_ ^ a MCA 

SB 

BB, 

^aABC 

MC' 

MC, 

_ ®aMAB 

SC 

CC, 

®*abc 

MB' 

+ - H 

MC 

L - 



^MCA + ^aMAB 


SA SB 


c) Theo bat ddng thufc can chufng minh: 

, MA' MB MC _ /MA'.MB'.MC 

SA SB SC V SA.SB.SC 
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MA' .MB ' MC' ^ 1 
SA.SB.SC “ 27 


Dau “=” 


MA' MB MC' 


SA SB SC 

^ S_\MBC = SajvicA = S A MAB 

<=> M trong tam AABC. 

< Ban doc to kiem tra). 


Vay: Max 


MA'.MB MC 
SA.SB.SC j 


1 

27 


Bai 4. Cho hinh hop ABCD.A’B’C’D’. Goi do dai ba canh xuat phat 
tir mpt dinh la a, b, c va O la tam thich hop. 

a) Ve thiet dien cua hinh hop di qua trung diem M va N cua cac 
canh AB, CC’, va tam O. 

b) Chufng minh rkng tong binh phoong cac khoang tir mot diem S 
bat ky trong khong gian den tam dinh cua hinh hop bang 
2(a 2 + b 2 + c 2 ) + 8S0 2 


Giai 



Y 


a) Goi F la trung diem C’D\ va O la trung diem AC’. 

Ke NF cat CC’, DD’ lan loot tai X, Y. 

Ke XM cat BC, AD lin loot tai E, Z. 

Ke YZ cat AA\ A’D’ lan loot tai Q, P. 

Khi do, thiet dien can tim la luc giac MENFPQ 
/ ^ / 

b) Ap dung cong thufc ve trung tuyen trong tam giac, ta co: 


61 





SA 2 + SC’ 2 = 2S0 2 + -AC’ 2 

2 

SB 2 + SD’ 2 = 2S0 2 + - BD’ 2 

2 

+ i 

SC 2 + SA’ 2 = 2 SO 2 + -CA’ 2 

2 

SD 2 + SB’ 2 = 2S0 2 + - DB’ 2 

_2_ 

I = SA 2 + SB 2 + SC 2 + SD 2 + SA’ 2 + SB’ 2 + SC’ 2 + 8S0 2 

+ -(AC’ 2 + BD’ 2 + CA’ 2 + DB’ 2 ) (1) 

2 

Han ntfa, trong mot hinh binh hanh tong cac binh phaang hai 
dating cheo bang tong cac binh phticmg bon canh. 

Khi do, vtii AB = a, AD = b, AA’ = c thi 
AC’ 2 + CA’ 2 = 2(AC 2 + C 2 ) 

BD’ 2 + DB’ 2 = 2(BD 2 + C 2 ) 

=> AC’ 2 + CA’ 2 + BD’ 2 + DB' 2 = 2(AC 2 + BD 2 + 2C 2 ) 

= 2(2(a 2 + b 2 ) + 2c 2 ) 

= 4(a 2 + b 2 + c 2 ) (2) 

Tir (1) va (2) suy ra: 

I = 8S0 2 + 2(a 2 + b 2 + c 2 ). 

Bai 5. Tren hai tia Ax vk By ch^o nhau, ta lan ltfat lay hai diem M 
va N sao cho AM * 2008BN. Chufng minh ding MN luon song 
song vdri mpt mdt phSng co dinh. 

Giai 
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Nen theo dinh ly Thales dao thi MN luon song song vdi mit 
phing co dinh (A, Bd), vdi Bd la during thing qua B vi song 
song vdi M 1 N 1 . 


Bai 6. Cho hai diidng thing cheo di va d 2 . M la mot diem chuyen 
dong tren di va N la diem chuyen dong tren d 2 . Tim quy tlch 
trurig diem I cua doan MN. 

Giai 

• Phan thuan: 

A co dinh e di, B co dinh e d 2 va O la trung diem doan AB. Khi do: 
OA IM 
OB ~ IN ~ 

Theo dinh ly Thales dao thi 01 
nim trong mpld 1 !, d’ 2 ), vdi d’j 
va d’ 2 qua O lan lufcft song song 
vdi dj va d 2 . 

• Giai han : M va N lan lifgt chay 
tren d] va d 2 khong co rang 
buoc nen I chay tuy y tren 
mpld’!, d’ 2 ). 

• Plidn dao: Lay mot diem I e mp(d’i, d’ 2 ). 

Qua I dtfng dufdng thing song song vdri 
d’ 2 va cit d\ tai E. Lay M’ la diem doi 
xufng vdi O qua E. 

M’l cit d’ 2 tai N\ Theo dinh ly ve diidng trung binh cho thay I 
la trung diem cua M’N’. TCr M’ vi N’ ke cic dddng thing song 
song vdi AB va chung lan luot cit di va d 2 tai M vi N. 

Ro rang, hai tuf giac OM’MA va ON’NB li nhOfng hinh binh hinh. 

Suy ra: MN'NM’ la hinh binh hinh, do do I li trung diem cua MN. 

• K$t luan: Quy tich trung dii’m I cua doan MN li mp(d’i, d’ 2 ). 
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Bai 7. Cho tuf dien ABCD. Tim diem M trong khong gian sao cho: 

I = MA 2 + MB 2 + MC 2 + MD 2 dat gia tri nho nhat. 

Giai 

Goi J, J, G lan lcroft la trung 
diem cua AB, CD, IJ. Theo 
cong thiirc ve trung tuyen 
trong tam giac, ta co: g 

MA 2 + MB 2 = 2MI 2 + - AB 2 

2 

+ C 

MC 2 + MD 2 = 2MJ 2 + 1 CD 2 
_2_ 

=> I = 2(MI 2 + MJ 2 ) + i(AB 2 + CD 2 ) 

2 

= 2(2MG 2 + ilJ 2 ) + -(AB 2 + CD 2 ) 

2 2 

= 4MG 2 + IJ 2 + -(AB 2 + CD 2 ) 

2 

> IJ 2 + i(AB 2 + CD 2 ) = const 
2 

Dau “=” <=> M = G 

Vdy: I = MA 2 + MB 2 + MC 2 + MD 2 dat gid tri nho nha’t khi va 
chi khi M trung vdi G. 

Bai 8. Cho hinh chop S.ABCD co day ABCD la hinh binh hdnh. 
Mat phdng (a) cdt SA, SB, SC, SD lan luot tai A', B\ C’, D’. 
Chufng minh rang; 

SA SC SB SD 
SA ’ + SC ’ ~ SB ’ + SD 1 

(Bo dS tuy$n sink) 



Gidi 


Goi {O’} = A’C’ n B’D’ 


Khi d6: 


fO’e A’C'c(SAC) 
{o’eBD'c(SBD) 
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=> 0’ e (SAC) o (SBD) = SD 
•■"Vdi 0 la tarn hinh hanh ABCD) 
Tiep den, ke AM, CN // A’C’ 

N e SO) Ta co: 

SA SC _ SM SN 

sa " sc 7 so + so 

.. SO - OM SO + ON 2SO 

SO 7 + SO’ “ SO’ 

(Chu y la OM = ON) (1) 

Chdng minh tiiong tin 

SB SD 2SO 

SB' + SD ~ SO 

m, ,1 , , SA SC 

Tu (1) va (2) suy ra: -+- 

SA' SC 


S 



A N B 


SB SD 
SB' + SD' 


Bai 9. Cho ba tia Ox, Oy, Oz sao cho xOy = zOx = 45° va yOz = 90°. 
Chufng minh rang: Ox, Oy, Oz dong phdng. 

Gidi 

* 

Lay A e Ox, B e Oy va C e Oz sao cho OA = 1 va OB = OC = J2 


AB = AC = VOA 2 + OB 2 -2AO.AB cos 45° 



Bai 10. Cho ba tia Ox, Oy, Oz thoa di&u ki^n xOy = 60°, yOz = 90° 
va zOx = 120° 

a) Chilng minh rang: Ox, Oy, Oz khong dong ph^ng. 

b) M € Ox, N e Oy, P e Oz sao cho OM = ON = OP = a > 0. 
Chiifng minh rang: AMNP vuong. 
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c) A e Ox, B e Oy, C e Oz sao cho = 2008 . 

OA OB OC 

Chufng minh rang: (ABC) luon di qua mot diem co dinh. 


Gidi 




(Hinh 1) 


(Hinh 2) 


Neu Ox, Oy, Oz dong phkng ta co hai kha nang: 

• Neu Oy nkm trong mien goc xOz (hinh 1) thi xOy = 30 < 60° 
(Trdi vai gia thiet). 

• Neu Oy nkm ngoki mien goc xOz (hinh 2) thi xOy = 150 > 60° 

(Trai vdi gia thiet). 2 

Vay: Ox, Oy, Oz khong dong phkng. 

p 

b) Theo ding ly hkm cosin, ta co: K 


• MN = ya 2 + a 2 - 2a.a.- = a 

• NP = Va 2 + a 2 = ax/2 

• PM = /a' 2 + a 2 -2a.a.f -- I = a%/3 

\ 1, 2) M 

=» PM 2 = MN 2 + NP 2 / 

=> AMNP vuong tai N. x 

c) Trade het, ta chufng minh bo de: 

• “Cho AD Ik dudng phan giac 

trong cua goc A cua tarn giac 

ABC bat ky, ta luon co: 

„ A 
, , 2 cos — 

— + — =- (Vdi D e BO” 

AB AC AD 

Quk vay: S^ B e = Saadb + S.^nc y 


'1 \ 
F/-> 




60 i 
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<=> iAB.AC.sinA 
2 

= --AD(AB + AC)sin — 
2 2 


A 


1 1 

<=> -+ 


2 cos 



AB AC AD 
=> Bo de tren duoc chdng minh xong. 

Quay lai bai toan. Ke OD la phan giac trong AOC va OE la 
phan giac trong BOD (D e AC, E e BD). 

Khi do, theo bo de tren ta co: 
f 1 1 2 cos 60° 1 

] OA + OC " 


1 


4 - - 


OB OD 


OD 

2coscp 

OE 


OD 

(Vdi 2cp = BOD = const) 


=5 2008 =-!_ + — + 1 


=> OE = 


OA OB OC 
1 


2cos(p 

OE 


2004 
=5 E co dinh. 


cos<p = const 


Vay, khi A, B, C lifu dong sao cho + —— = 2008 thi 

J 6 OA OB OC 

(ABC) lull dong nhi/ng luon di qua di§’m E co dinh. 


Ol BAI TAP TRAC NGHlfM ON TAP CHUONG II 


Bai 1. Cau nao sau day sai? M§t mat phSng dtfoc xac dinh boi: 

| | a. Ba diem khong th&ng hang. 

I | b. Mpt diem va mot di/dng thing khong di qua no. 

I | c. Hai dtfofng thing clt nhau. 

| | d. Hai diicfng thing phan biet. 

Bai 2. Cho hinh ch6p S.ABCD, AC va BD clt nhau tai M, AB va CD 
clt nhau tai N. Khi do, (SAC) va (SBD) co giao tuyen la: 

□ a. SM. □ b. SN. □ c. SA. □ d. MN. 
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Bai 3. Cho tuf di§n ABCD. Goi M viN 
lan litot la trung diem cua AB vk 
AC. E la diem tren CD vdi 
ED = 3EC. Thi6't di$n tao bdi mat 
phang (MNE) va ttf di$n ABCD la: 

I | a. Tam giac MNE. 

□ b Td giac MNEF, F e BD. 

□ c. Hinh binh hanh MNEF 

(vdfi F e BD, EF // BC). 

□ d. Hinh thang MNEF (vdi F e BD, EF //BC) 

Bai 4. Cho hinh binh hanh ABCD. Goi Bx, Cy, Dz la cac di/dng thang 
qua B, C, D va song song nhau. Mot mat.phang.’(a) di qua A va 
cat Bx, Dy, Cz lan krpt tai B’, C’, D’ vdi BB’ = 2, DD’ = 4. Khi do 
CC’ bajig: 

□ a. 5. □ b. 6. □ c. 7. □ d. 8. 

Bai 5. Cho hinh hop ABCD.A’B’C’D’. Tim khdng dinh sai trong ckc 
kh&ng dinh sau: 

□ a. BD // B’D’. □ b. AD’ // BC’. 

□ c. BB’ // AD’. □ d. AC // A’C’. 

Bai 6 . Hay tim kh&ng dinh sai trong cdc khdng dinh sau: 

I I a. Hinh lap phdcfng c6 6 mat la 6 hinh vuong bang nhau. 

I | b. Hinh lap phuong c6 4 dtrdng ch6o bang nhau. 

I I c. Hinh lap phuong c6 8 dinh. 

I | d. Hinh lap phi/ong c6 16 canh bang nhau. 

Bai 7. Tim menh de dung trong ckc menh de sau: 

I I a. Hai day cua lang tru la hai da gidc b4ng nhau. 

I I b. Hinh lang tru c6 cac mat ben la hinh binh hanh bang nhau. 

I I c. Lang tru c6 day la ngu gidc deu goi la hinh hop. 

I | d. Hinh lang tru co hai day la hai hinh binh hanh bang nhau. 

Bai 8. Cho tuf di$n ABCD. Goi M, N la trung diem BC, BD tuong ufng; 
P la diem bat ky thu$c canh AB (P * A, B). Goi giao diem cua 
AN vd DP la I, giao diem cua AM va CP la J. Nhdn xet gi ve 
bon diem M, N, I, J. 
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i ] a Bon diem thuoc cung mat phang. 

| | b. Tur giac MNIJ Id hinh thoi. 

| | c. Tur gidc MNIJ la hinh thang. 

Q d. Tur giac MNIJ la hinh binh hanh. 

Bai 9. Cho hinh chop S.ABCD c 6 ddy AJ3CD la hinh thoi. Goi G la 
trong tarn A$AD. Xdc dinh thiet dipn tao bdi (BCG) va hinh 
chop. Thi£t di^n la hinh gi? 

| 1 a. Hinh thang. Q b. Hinh tarn giac. 

I | c. Hinh thoi. Q d. Hinh luc giac. 

Bai 10. Cho hinh ch6p S.ABCD c6 day ABCD la hinh thang, 

AB // CD, CD = ^AB. Goi M la diem thuoc canh SC sao cho 

2 

MC = —MS. Goi N la giao di£m cua DM va mat phlng (SAB). 
2 

Nhan xet gi ve hinh dang cua tuf giac SABN. 

I I a. Hinh vuong. 

I | b. Hinh binh hanh. 

I | c. Tur gidc loi. 

I | d. Hinh thang can. 

Bai 11. Cho tuf di$n ABCD. Goi Gi va G 2 lan ltfgt la trong tarn tam 
giac BCD va tam gidc ACD. Cdu nao sau day sai? 

□ a. GA = \AB. 

o 

* 

□ b. G^z // (ABD). 

□ c. AGz.'BGi, BC dong quy. 

I | d. AGi, BG 2 chdo nhau. 

Bai 12. Cho tur di#n ABCD. Goi I vd J lan lnot la trung diem canh 
BC va BD. Mat phang (a) qua IJ song song vdi AD vd cdt AD, 
AC lan litot tai H va K. Cau ndo sau ddy dung? 

I I a IJHK Id hinh thoi c6 chu vi bang 2a. 

I | b. IJ Id hinh thang can c6 HK > IJ. 

□ c. IH = IK. 

I | d. IJHK Id hinh binh hanh c6 chu vi b&ng 4a. 
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Bai 13. Cho tuf dien ABCD. Goi I va J lan ltfpt 1& trong tam cua cac 
tam giac ABC va ABD. Tim killing dinh dung trong cac killing 
dinh sau: 

□ a. IJ // (ABC). 

□ b. IJ // (ABD). 

□ c. IJ // (ACD). 

| | d. IJ // (AEF) vcri E va F lan li/crt la trung diem cua BC va BD 

Bai 14. Cho hinh chop S.ABCD co ABCD 1& hinh vuong tam O. Goi 
M va N ldn luot 1& trung diem cua SA va SD. P trung diem 
cua DN. Tim khang dinh dung trong cdc kh^ng dinh sau: 

□ a. MP // (ABC). □ b. MP // (SBC). 

□ c. AC // MP. □ d. MP // (SAD). 


DAP AN 


Bai 

1 

2 

3 
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5 

6 

7 

Dap an 

d 

a 

d 

b 

c 

d 

a 

Bai 

8 

9 

10 

11 

12 

13 

14 

Dap an 

c 

a 

b 

d 

a 

c 

b 


70 





VECTd TRONG KHONG GIAN. 

QUAN H£ VUONG GdC TRONG KHdNG GIAN 


A/ TOM TAT GIAO KHOA 

§1. VECTO THONG KHONG GIAN 

Hoan toan tirong tp nho vector da biet trong mat phing, ta cung 
co vecto trong khong gian. Dieu noi them ve vectcf trong khong 
gian la khai niem ba vectcr dong phing. 

1 Dinh nghia: Trong khong gian, ba vectcr dupe goi la dong phang 
neu gia cua chung cung song song vcri mot mat phang. 

2. Dieu kiett de ba vectcf dong phdtig 

Dinh ly 1 . Cho hai vectcr khong cung phi/crng a, b va mot vector 
c. Khi do, ba vectcr a, b, c dong phang khi va chi khi co 
cap so m, n duy nhat sao cho c = ma + nb. 

Dinh ly 2: Cho a, b va c la ba vecto khong dong phang. Khi do, 
vdi moi vecto x trong khong gian, ta deu tim dope bo ba so 
m, n, p duy nhat sao cho x = ma + nb + pc . 


§2. HAI DUONG THANG VUONG GOC 


Dinh ngliia 1: Goc giufa hai duerng thing a va b la goc nhon hoac 
vuong giufa hai duerng thing a’ va b’ cung di qua mpt diem va 
lin loot song song vdri a va b. Ky hieu la (a, b). 

Dinh nghia 2: Hai diidng thing dupe goi la vuong goc vdri nhau 
neu goc giufa chung bing 90° 
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§3. BUfiNG THANG VUONG GOC VCfl MAT PHANG 


2. Du&ng thdng vuong goc v&i mat phang 

Dinh nghia 1: M6t dudng thing 
di/oc goi la vuong g6c vdi 
mat phing neu nd vuong gdc 
vdi moi dudng thing nim 
trong mat phing d6. 

Dinh ly 1: Neu mot dudng thing vu6ng g6c vdi hai diidng thing 
cit nhau nim trong m6t mat phing thi no vuong goc vdi 
mat phing d6. 

2. Cdc tinh chat 

Tinh chdt 1: Qua diem O cho tnidc co duy nhat mot mat phing 
(P) vuong goc vdi mot diidng thing d cho tnidrc. 

Tinh chdt 2: Qua diem O cho trudc co duy nhat mot diicrng 
thing d vuong gdc vdi mat phing (P) cho trade. 

Chu y: Mat phing vudng gdc vdi doan AB tai trung diem diicfc 
goi la mat phing trung true cua doan AB. 

Tinh chdt 3: 

a) Cho hai dudng thing song song. Mat phing nao vuong gdc 
vdi mdt trong hai dudng thing thi cung vuong gdc vdi 
dudng thing kia. 

b) Hai dudng thing phan bidt cung vuong gdc vdi mot mat 
phing thi chung song song nhau. 

Tinh chdt 4: 

a) Cho hai mat phing song song. Mat phing ndo vuong gdc vdi mot 
trong hai mat phing thi cung vuong goc vdi mat phing kia. 

b) Hai mat phing phan bidt cung vuong gdc vdi mdt dudng 
thing thi chung song song vdi nhau. 

Tinh chdt 5: 

a) Cho dudng thing d song song vdi mat phing (P). Dudng 
thing ndo vuong gdc vdi mat phing (P) thi cung vuong gdc 
vdi dudng thing d. 
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b) Neu dudng thing d vd mat phing (P) (khong chda d) cung 
vuong gdc vdi mot dddng thing thi chung song song vdi 
nhau. 

Dinh ly 2: (Dinh ly ba dating vuong goc) 

Cho dddng thing a co hinh 
chieu tr§n mat phing (P) la 
difdng thing a’. Khi do, mot 
difdng thing b nim trong (P) 
vuong goc vdi a khi va chi 
khi no vuong goc vdi a’ 

3. Goc gifta dtf&ng thdng va mat phdng 

Dinh nghia 2 

• Neu difdng thing a vuong goc vdi mat phing (P) thi ta n6i 
ring goc gida difdng thing a vd (P) Id 90°. 

• Neu difdng thing a khong vuong goc vdri mat phing (P) thi goc 
gida difdng thing a va hinh chieu a’ cua no tren mat phing (P) 
difcfc goi la goc giufa difdng thing a vd mat phing (P) 



§4. HAI MAT PHANG VUONG GOC 

* 

J. Gdc gifta hai mat phdng / 

Dinh nghia 1: Goc gida hai mat phing la goc gida hai dddng 
thing lan loot vuong goc vdi hai mat phing do. 

Dinh ly 1: Cho da giac K> nim trong mat phing (a) co di£n tich 
Id S va K> la hinh chieu vuong goc cua K> tren mat phing 
(a’). Khi dd, dien tich S’ cua JC dirge tinh theo cong thde 

S’ = S.coscp , vdi ip li gdc gida (a) va (a’). 

2. Hai mdt phdng vuong gdc 

Dinh nghia 2: Hai mat phing goi li vuong gdc vdi nhau neu gdc 
gida hai mat phing dd la gdc vuong. 

Dinh ly 2: Bieu kien can va du de hai mat phing cung gdc vdi 
nhau la mat phing nay chura mot difdng thing vuong gdc 
vdi mat phing kia. 


73 







He qua 1: Neu hai mat phang vuong goc vdi nhau thi bat cur 
dudng thang ndo nkm trong mat phlng nay va vuong goc 
vdri giao tuyen thi vuong goc vdi mat phang kia. 

He qua 2: Cho hai mat phang (a) va ((3) vuong goc vdi nhau. 
Neu tCr mot diem thuoc (a) ta dung mot dudng thang vuong 
goc vdi (P) thi dudng thang nay ndm trong (a). 

Dinh ly 3: Neu hai mat phang cat nhau va cung vuong goc vdi 
mot mat phang thi giao tuyen cua chung vuong goc vdi mat 
phang do. 

3. Hinh Icing tru di'tng, hinh hop chut nhat, hinh lap phiCcftig 

Dinh nghia 3: 

• Hinh lang tru ddng la hinh ldng tru co canh ben vuong goc 
vdi mat day 

• Hinh lang tru deu la hinh lang tru dufng co day la da giac deu. 

• Hinh hop dUng la hinh lang tru ddng co day la hinh binh hanh. 

• Hinh hop chQ nhat la hinh hop dUng co day la hinh chuf nhat. 

• Hinh lap phucmg \h hinh hop co tat ca cac mat ben la hinh 
vuong. 

4. Hinh chop deu va hinh chdp cut deu 

Dinh nghia 4: 

• Hinh chdp deu la hinh chdp co day la da giac deu va tat ca 
cac canh ben deu bang nhau. 

• Cat hinh chdp deu bori mot mat phang (P) song song vdi 
day. Phan cua hinh chdp deu ndm giufa day va mat phang 
(P) goi la hinh chdp cut deu. 



§5. KHOANG CACH 

2 . Khoeing each tit mot diem den mot didfng thdng, den mot mat 
phdng. 

Binh nghia 1: Khoang each td mot diem M den dddng thdng d 
(den mat phdng (P)) la do dai doan MH, vdi H la hinh 
chieu vuong goc cua diem M tren dddng thdng d (tren mat 
phang (P)>. Ky hieu d(M, d) (d(M, (P))). 

2. Khoang each giita dttifng thdng va mat phdng song song, giita hai 
mat phdng song song. 

Dink nghia 2: Cho dddng thang d song song vdi mat phang (P). 
Khoang each gida dddng thang d va mat phang (P) la 
khoang each td mot diem bat ky tren d den mat phang 

(P) . Ky hieu: d(d, (P)). 

Binh nghia 3: Khoang each gida hai mat phang (P) va (Q) song 
song vdi nhau la khoang td mot diem bat ky tren (P) den 

(Q) . Ky hieu: d((P), (Q)). 

3. Khoang each giita hai ditetng thdng cheo nhau 
Binh nghia 4: 

a) Dddng thdng A cat hai dddng thdng cheo nhau a, b va cung 
vuong goc vdi mdi dddng thdng ay ddoc goi la dddng vuong 
goc chung cua a va b. 

b) Neu dddng vuong goc chung A cdt hai dddng thdng cheo 
nhau a, b lan lddt tai M, N thi do dai doan thdng MN goi la 
khoang each gida hai dddng thdng cheo nhau a va b. 

B/ BAI TAP CAN BAN 

Bai 1. Cho hinh binh hdnh ABCD. Goi S Id mot diem ndm ngoai 
(ABCD). Chdng minh rdng SA + SC = SB + SD. 

Giai 

Goi (01 - AC o BD 

• Trong ASAC co O trung diem AC. Nen SA' + SC' = 2S0 (1) 


75 








• Trong aSBD co O trung diem BD. S 

Nen SB + SD = 2SO (2) 

TCr (1) va (2) suy ra: 

SA + SC = SB + SD. 


Bai 2. Goi M, N lin lutft la trung dilm cat canh AC, BD cua tur 
dien ABCD. Goi I la trung diem cua Aoan MN va P la di£m 
bat ky trong khong gian. Chufng minh rang: 

a) IA + IB + IC + ID-O. 

b) PI = -(PA + PB + PC + PD) 

4 v ' 

Giai 



a) Ta co: 


IA + IC = 2IM 
IB + ID = 2IN 


=> IA + IB + IC + ID 


= 2( IA + ID ) = 0 


b) Ta co: 

PA = PI + LA 
+ PB = PD + iB 
PC = PD + ic 
PD = PD + ID 


A 



=> PA + PB + PC + PD = 4 PI + (PA + IB + IC + ID = 4 PI 

_ (f _ 

Bai 3. Cho tur dien ABCD 

a) Chufng minh: AB.CD + AC.DB + AD.BC =0 

b) TCr dang thufc tren suy ra rang neu tur dien ABCD la AB 1 CD 
va AC 1 BC. 
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Giai 

a i Taco: AB + AC.DB + DA . BC 

e AB( AD - AC) + AC.DB + AT). BC 
= AB.AD-AB.AC + AC DB + AD.BC 
= AD ( AB + BC) + AC ( DB - AB ! 

= AD.AC + AC.DA = 0 

b) Neu AB 1 CD va AC jl DB thi AB CD = AC.DB =0 
Do do, tCr dang there suy ra AD . BC = 0 => AD i. BC 

Bai 4. Cho hinh lang tru tam giac ABC.A’B’C’, I, J lan lifOt la trung 
dem cua BB’ va A’C’. K la diem thuoc canh B’C’ sao cho 
KC = -2KB Chufng minh rang: A, I. J, K cung thuoc mot mat 
phang. 

Giai 

• Bat AA' = a , AB = b, AC = c 
« Ta co: 

+ AI = i(AB + AB') 

2 

= -(AB + AA^ + A¥') 

2 

= — (2b + a ) (1) 

2 

+ AJ = i( AA' + AC) 

2 

= —( AA' + AC') 

2 

= - ( aa; + Ac + ccT') 

2 

= -( a + c ) (2) 

2 

+ Ale = AB' + Bli 

= AB + - &C 

3 
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= A'B + -(A'C' - A'B') 
3 


= b + — (c - b) 

3 

1 - 2 r 

= - c + - b 
3 3 

=> AK = AA' + AK = a+ -c + -b 

3 3 

Ttr (1) va (3) suy ra AK = -(AI + AJ) 

3 

AI, AJ , AK d6ng phang 
=> A, I, J, K dong phang. 


3a + 2b - c 
3 


Bai 5. Cho hinh ldp phirang ABCD.A’B’C’D canh a. Goi P va Q 14 
cac diem xac dinh bdi AP = B'A , C'Q = DC'. 

a) Chijfng minh ring: PQ di qua trung diem cua canh BB’ 

b) Tinh PQ. 


Giai 

Dat AA' = a, AB = b, AD = c ^ 


Suv ra: 


ia.b = b.c = c.a = 0 


a = b* = c 2 = a 2 


a) Goi M la trung diem BB’, ta co: 
MP = MB + BA + AP 


A / £f 



= — a-b-a-c 
2 


f 3- r - 
= - —a + b + c 
2 


MP = MB' + B'C' + C'Q > 

1 3 

= -a+c + b + a = -a + b + c (2) 

2 2 

TCr (1) va (2) => MP + MQ = 0 

=> PQ va BB’ cat nhau tai trung diem M cua moi duftng. 
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b PQ = PM + MQ = 3a + 2b + 2c 

^ PQ 2 = (3a + 2b + 2c f = 9a 2 + 4a 2 + 4c 2 = 17a 2 
Vay PQ = a yjl7 

Bai 6. Cho hinh chop S.ABCD co day ABCD la hinh vuong. Tat ca 
cac canh ben va canh day cua hinh chop deu bang a. Chilng 
mmh rang SA 1 SC va SB 1 SD. 

Gidi 

m fSA 2 + SC 2 = a 2 + a 2 = 2a 2 
Ta co: 

AC 2 - a 2 + a 2 = 2a 2 

=* SA 2 + SC 2 = AC 2 
ASAC vuong tai S 
=> SA 1 SC 

Chufng minh tiicfng ti/ SB 1 SD. 



Bai 7. Cho tuf dien SABC co SA 1 (ABC). Goi H, K lan laot la true 
tam cua cac tam giac ABC, SBC. Chufng minh rang: 

a) AH, SK, BC dong qui 

b) SC 1 (BHK) 
ci HK 1 (SBC) 
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BH ISC 

Lai c6: DK 1 SC 


=> SC i (BHK) 


c) Theo cau (b), ta co SC J_ (BHK) 

=> HK 1 SC 

Hon nura, theo chtifng minh d cau (a): BC X (SAD 

=> HK X BC nen HK 1 (SBC). 

[HK -L SC T1TT 

Nhtf vfiy: < nen HK 1 (SBC). 

HK X BC 


Bai 8. Cho tuf dien OABC co OA, OB, OC doi nut vuong goc vdi 
nhau. Goi H tnic tam AABC. ChuTng minh rang: 

a) OA 1 BC. OB x CA, OC ± AB 

b) OH x (ABC) 

1 1 1 1 
° OH 2 " OA 2 + OB 2 + OC 2 

d) cos 2 HOA + cos 2 HOB + cos 2 HOC = 1 


e) AABC c6 ba g6c nhon 
0 OA 2 .tgA = OB 2 tgB = OC 2 tgC 

(vdi A = BAC, B = ABC, C = ACB) 

& ^AABC = ®4GAB + ®!OBC + ^AOCA 


a) Ta co: 


fOA X OB 
[OA XOC 


=> OA X (OBC) 


=> OA X BC 


ChuTng minh tuong ta- 
OB X CA, OC X AB 
b) Theo cau a ta c6: 



BC X OA 

Lai c6: BC X HA 


=> BC X (OAH) 





=> OH 1 BC 

Chufng minh toong tuf: OH _L CA 


^OAl (ABC) 


c> Goi (I) = AH n BC 

f lOA 1 01 (vi OA 1 (OBC)) 

Suy ra. s 

|BC l 01 (vi BC i (OAH)) 


• Xet tam giac vuong OAI, ta co: 

1 i 1 

oh 2 ~ oa" + oF 

• Xet tam giac vuong OBC, ta co: —= —^-rr + — 

OI 2 OB OC 2 


The (2) vao (1) ta co: -- 

OH 2 


1 1 1 
OA 2 + OB 2 + OC 2 


(1) 

( 2 ) 


d) Theo cau (c), ta co: 


(OH) 2 

/OH) 

2 

( OH) 

- + - 

+ 


l OA ) 

{OB; 


vOcJ 


<=> cos 2 HOA + cos 2 HOB + cos 2 HOC = 1 

e) Ta co: 


BC 2 = AB 2 + AC 2 - 2AB.AC.cosA 

OB 2 + OC 2 = OA 2 + OB 2 + OA 2 + OC 2 - 2AB.AC.cosA 


=> cosA = 


OA 2 

AB.AC 


> 0 


=> A nhon 

Chufng minh titong ta B, C nhon. 

Vay: AABC co ba gbc nhon 
AI 

0T ac6:^=M = CI = CLBC = 0C1 
tgC AI BI BI.BC OB 2 
Cl 

«■ OB 2 .tgB = OC 2 .tgC 

Chufng minh titcrng tuf: OA 2 tgA = OB 2 .tgB 

Vay OA 2 .tgA = OB 2 .tgB = OC 2 tgC 
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g) Theo chufng minh or cau (c), ta co: 


cosA = 


OA 2 

ABAC 


=>4 8^^ = AB 2 .AC 2 .sin 2 A 

= AB 2 .AC 2 - AB 2 .AC 2 .cos 2 A 
= AB 2 .AC 2 - OA 4 
= (OA 2 + OB 2 XOA 2 + OC 2 ) - OA 4 

= oa 2 .oc 2 + ob 2 .oa 2 +■ ob 2 .oc 2 


= 4S 


2 

aOCA 


Vay: S 


2 

AABC 


= s 


40 AB 


4 - ^ 

°AOBC 


+ s : 


2 

/lOBC 


+ s 


2 

lOCA 


Bai 9. Cho hinh chop S.ABCD co day la hinh binh hanh vai 
AB = a, AD = 2a, aSAB vuong can tai A. M e canh AD. Mat 
phang (a) di qua M song song vdi (SAB) cat SD, SC, BC lan 
luqt tai N, P, Q. 

a) Chufng minh: MNPQ la hinh thang vuong. 

b) Bat AM = x. Tlnh dien tich cua MNPQ theo a va x. 

Giai 


[(a) // (SAB) 
a) ^(ct)o(ABCD) = MP 

j 

j(a) o(SAB) = AB 

=> AB // MQ (1) 

Chiifng minh tucmg tU: 

SA // MN (2) 

TCr (1) va (2) suy ra MN ± MQ 
(vi SA 1 AB) 



Mat khac: 


(DC // (a) (vi DC//AB// MQ c (a)) (3) 
DC c(ABCD) 


[(ABCD)n(a) = MQ 


=> DC // MQ 


(4) 
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( 5 ) 


Tit 1 1) va (4) => AB // DC 
Tir (4) va (5) => MNPQ hinh thang vuong 
h i Ta co: 


• MN // SA =* 


MN 

SA 


DM 2a - x 
DA " ~2a 


=5 MN = 


2a - x 
2 


• MQ = a 

• NP // DC 


NP SN AM x 
DC " SP “ AD “ 2a 


NP = — 

2 

SmNPQ = -MN(NP + MQ) 

jUj 

1 2a - x x . 4a 2 - x 2 

=-(— + a) = - 


Bai 10. Cho hinh lap phOcrng ABCD. A’B’C’D’ canh a 

a) Chofng minh ring B’D 1 (A’BC’). 

b) Tinh d(A’BC’), (ACD’J) 

c) Tinh d(BC’.CD’). _ 

Gidi 

a) Goi 10’) = A’C’ n B’D’ (trong (A’B’C’C’)) 

IGi) = B’D n BO’ (trong (BB’C’D)) 

fA'C' 1 B'D' (vi hai difcfng cheo hinh vuong) 

Ta co: < _ 

1 A’C' 1 BO' (vi BA' = BC' = a>/2) D’ C 

-=> A’C’ 1 (BB’D’) => B’D 1 A’C’ (1) 

ChiJng minh ttftmg ttf: B’D 1 BC’ (2) 

TCr (1) va (2) => B’D 1 (A’BC’) 

Churng minh tucmg tu B’D 1 (ACD’) 

b) Goi |0( = AC n BD (trong (ABCD)) 

1G 2 ) = B’D n D’O (trong (BB’D’D)) 
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Khi do: d((A’BC’), (ACD’)) = 0,0x2 


— B’D = 
3 


av/3 

3 


c) Ta co: 


BC' va CD' cheo nhau 
• BC' c (A'BC') 

CD' c (ACD ) 


Do do: d(BC’, CD’) = d((A’BC’), (ACD’) = 


a73 
3 


Bai 11. Cho hinh lang tru ABC.A’B’C co tat ca cac canh day deu 
bang a. Biet goc tao bdi canh ben va mat day la 60 u va hinh 
chieu cua dinh A len (A’B’C’) trung vori trung diem H cua canh 
B’C’. 

a) Tinh khoang each hai day. 

b) Tinh tang cua g6c giufa hai dtfdng thang BC va AC’ 

c) Tinh cotg cua g6c giufa (AA’B’B) va (ABC). 

Giai 


a) Ta c6: 

AH 1 (A’B’C’) 
nen AAH =60° 

=> AH = A’H tg60° 

= ^.73 

a 

= — 

2 

Vfiy: d((ABC),(A’B’C’)) = — 

2 

b) Ta co: BC // B’B’ nen ( BC^AC') = AC 7 !' 

3a 

^ tg( BOAC') = tgACB' = ^ = - 2 - = 3 

2 



% 
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c) Ke AK 1 A'B' (K e A'B')| „„ 

? ^ Hi\ _L A 

Hem nOfa AH 1 (A'B'C) [ 

(Do djnh li ba dirting vuong goc) 

=> ((AABBUABC)) = AKH 

cotg((AA'B'B),(ABC)j = cotgAKH 

*1 aV3 

- Mi = 2 2 = J_ 

~ AH 3a 2^3 
2 


Bai 12. Cho tuf dien S.ABC co SA _L (ABC) va AABC vuong tai B 
Chiing mmh ding: 

a) (SAB) i (ABC) 

b) (SAC) 1 (ABC) 


c) (SBC) 1 (SAB) 


a) Ta co: 

SA c (SAB) I 
SA 1 (ABC); 

b) Ta co: 

SA c (SAB)l 
SA 1 (ABC) 


Gidi 


(SAB) 1 (ABC) 


(SAC) 1 (ABC) 


c) Ta co: 

BC 1 AB (vi AABC vuong tai B) 
BC 1 SA (vi SA 1 (ABC)) 

Ma BC c (SBC) 

Nen (SBC) 1 (SAB) 


BC 1 (SAB) 


Bai 13. Cho hinh chop tuf giac deu SABCD co canh ben vh canh 
day deu bang a. 

a) Tinh d$ dai difcrng cao cua hinh chdp. 

b) Goi H la trung diem cua SC. Chufng minh rang (SAC) 1 (MBD) 
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Gidi 

a) Goi O la tam hinh vuong ABCD. 

Do SABCD la hinh ch6p 
deu nen SO 1 (ABCD) 



Vay ddi dddng cao cua hinh 

chop deu S.ABCD Id SO = —. 

2 

b)Tacd: BS = BC = DS = DC = a 
=> SC 1 BM va SC 1 DM 
SC 1 (MBD) 

M4 SC c (SAC) 

=> (SAC) 1 (MBD). 



Bai 14. Cho hinh ch6p td gidc deu SABCD. Bid't AB = a va gdc gida 
mat ben vd mat ddy bang 60°. Tinh tg cua gdc gida canh ben 
va mat day. 


Gidi 


Goi O va I lan lddt la trung diem 

BC 1 01 
BC 1 SI 

Ta c6: • BC = (SBC) (ABCD) 

OP c (ABCD) 

SI c (SBC) 

=> ((SBCUABCj) = SfD = 60° 
=> SO = OItg60° = | 73 


cua AC va BC. 

S 



D C 


a73 

=> tg(SB, (ABCD)) = tgSBO = ~ = ^ 

OB av2 ^ 

2 


86 








Bai 15. Cho hinh l&ng tru dufng ABC.A’B’C’ co day la tam gi6c deu 

canh a va AA' = Goi O va O’ lan lircrt la trung diem eua 

2 • 

AB v6 A’B’. 

a) Chiifng minh AB 1 (COO’) 

b) Tinh d(AB, B’C) 


a) Ta co: 


Giai 

AB 1 OO’ (vi OO' II AA' ± (ABC)) 
AB 1 CO (vi AABC deu) 


^ AB 1 (COO’) 

b) Ta co AB // (A’B’C) (vi AB // A’B’ c (A’B’C)) 

Nen d(AB, B’C) = d(AB, (A’B’C)) = d(0, (A’B’C)) (1) 

Hon nCfa, ke OH i co (H e CO’) 


Lai co: OH 1 A’B’ 



A'B'//AB 1 (COO') 
OH c (COO') 



Ba i 16. Cho hinh chop S ABCD c6 ABCD 16 hinh vuong canh a, 
SA 1 (ABCD) va SA = a. Dung va tinh doan vuong goc chung 
cua ckc c5p dudng thSng sau: 


a) SB va AD 

b) SC va BD 

c) SB va CD 


Giai 
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a) • Ke AH 1 SB (H e SB) 

Ta lai c6 ^ 1 SA 1 => AD 1 (SAB) 
AD 1 ABI 

=> AD 1 AH 


=> AH la doan vuong goc chung cua SB va AD 

• d(SB, AD) = AH = —- = — 

2 2 

b) Ke OI 1 SC (I e SC) 

Ta lai co: 

BD 1 AC (tfnh chat hinh vuoi 
BD 1 SA (vi SA 1 (ABCD)) 

=> BD i (SAC) 

^ OI ± BD 



=> OI la doan vuong goc chung cua SC va BD. 

• Ta co AIOC co AASC 

oi _oc 

^ SA " SC 

&y/2 

» T SA.OC a 2 

^ ol = ~sc~ ■ = ~r 

V$y d(SC, BD) = OI = 

6 

c) • Ta c6 BC 1 CD (tmh chat hinh vuong) 
lion nuta: 

BC 1 AB (tmh ch&'t hinh vuong) 

BC 1 SA (vi SA 1 (ABCD)) 

=} BC 1 (SAB) 

BC 1 SB 

BC 14 doan vuong goc chung cua SB va CD 

• d(SB,CD) = BC = a 
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Bai 17. Trong mat phang (P) cho hinh chuf nhat ABCD vdi AB = a, 
AD = b Tren cac niifa diidng thang Ax, By vuong goc vdi (P) d 
ve cung mot phia doi vdi (P) ta lay cac diem M va N vdi 
AM = x, AN = y. 

a) Tinh tg cua cac goc p cac mat ph^ng (MBD) va (NBD) tao vdi 
mat phang (P). 

bi Chufng to rang de hai mat phang (MBD) va (NBD) vuong goc 

vdi nhau thi dieu kien can va du la = -4- + ~ 

xy a 2 b 2 


Giai 


a) Dat a = ((MBD.P'), p = (<NBD P)j 

Goi I va J lan loot la hinh chieu 
vuong goc cua A va C tren BD. 

Ta co: a = AIM , p = CJN 

Khi do: 


AM 1 1 

tga =-= X , - r + - -r 

6 AI V AB 2 AD 2 


xVa 2 + b' 
a b 



1 


1 


t o CN 

g CJ Y V CD 2 CB 2 


yva 2 + b‘ 
ab 


N 

y 

c 


b) Ta co: (MBD) ± (NBD) cp a + p = 90° 

cp tga = cotgP 


cp tga - tgp = 1 


CP 


xy(a 2 + b 2 ) 
(ab) 2 



CP 




xy 


Bai 18. Cho hinh lang tru ddng ABCA’B’C’ co ddy la tam giac can 
dinh A, ABC = a, BC’ hap vdi (ABC) mot goc p, I trung diem 
AA' va BIC = 90° Chdng minh rang: 
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a) ABIC vuong c£n 

b) tgf’a + t^P = 1 


(Dai hoc Quoc gia Ha noi, nil m 2000) 


Gidi 


a) Goi M la trung diem BC 
_ . AH 1 BC ) 


Ta c6: 


AA' 1 (ABC) 
IM1BC 


(Do dinh 11 ba dircrng vu6ng g6c) 

=> A BIC vuong can tai I. * 

\ 

(Vi co dudng cao IM la trung tuyen) \ 

b) Dat BC = y > 0 A V 

(AA' = ytgP ^ 

Ta co: •; v 

AB = AC = —i— 

2cosa 

Theo dinh If Pythagore trong AlAB, ta c6: 




IB 2 = AB 2 + IA 2 = — 

12 cos a 


ytgP 


(t^P 


cos a 


= ^-(t g 2 a + tg 2 p + 1) 
4 


Mat khdc, ABDC vuong can tai I n§n: 

BC 2 = 2IB 2 
v 2 

coy 2 = 2. (tg 2 a + tg 2 p + 1) 

4 

<=> tg 2 a + tg 2 p = 1 

Bai 19. Cho hinh hop chuf nh£t. Goi a, p, y la g6c tao bdi mot 
dudng ch6o cua hinh hfip vdi ba canh cung xuat phat tCr mot 
dinh. Chufng minh rang: 

a) cos 2 a + cos 2 p + cos 2 y + 1 

b) V2008cos 2 a +1 + 72008cos 2 p + 1 + 72008 cos 2 y +1 < y/6033 


90 






Giai 


a) Xet duong cheo BD ctia hinh hop chuf nhat ABCD.A’B’C’D’. 

f BA = a, BC = b, BB' = c, BD' = d 

Bat [ _ _. _ 

S ABD' = a, CBD' = (3, B'BD' = y 


cos a = — 

d 


Ta co: -jcosp = - — 


cos y - — 
a 


Hon niJa d 2 = BD’ 2 = BC 2 + CD’ 2 
= BC 2 + CC’ 2 + C’D’ 2 


= b 2 + c 2 + a 2 

n . , n o 2 a + b + c . 

Do do: cos~a + cos P + cos y = - - - = 1 

d 

b) Theo bat dang thufc Bunhiacopski: 

\l 2008 cos 2 a + 1 + ^2008 cos 2 p + 1 + ^2008cos 2 y +T 

< n/3 72008(cos 2 a + cos 2 p + cos 2 y) + 3 = n/6033 



Bai 20. Trong mat phang (P) cho ducmg tron (C) dtfcrng kinh AB co 
dinh va diem M di dgng tren (C). Goi S la diem co dinh tren 
dirdng thling vuong goc vdi (P) tai A. Ha AE 1 SB tai E va 
AN 1 SM tai N. 

a) Chufng minh rang: AN 1 SN 

b) Chufng minh rang khi M di d0ng tren (C) thi N luon thuoc mot 
dircmg tr6n co dinh. 


Giai 


j MB ± AM (gt) 

| MB _L SA (vi SA 1 (ABM)) 


=> MB 1 (SAM) 
=> AN 1 MB 1 
Ma AN 1 SM f 
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=? AN l (SBM) 

=> AN 1 BN 

b) Theo chufng minh tren, ta co: 
AN 1 (SBM) 

=> SB 1 AN 1 
Lai co SB _l AE \ 


^ SB 1 (ANE) 

M 

=> (ANE) la mat ph&ng co dinh 

=> N thuoc ducmg tron (co dinh) dirong kinh AE nam trong 
mat phang qua A va vuong goc vdi SB. 


Bai 21. Cho hinh chop O.ABC c6 OA 1 (ABC) va OA = 4. OB = 7, 
BC = 5, CA = 8 Tinh d(0, BC). 



Gidi 


Ke AH 1 BC tai H 
Do OA 1 (ABC) . 
Nen OH ± BC 


A ~ A 


(Dinh ly ba ducrng vuong goc) 

Suy ra d(0, BC) = OH. 7 

Hon nura: BC 2 = AB 2 + AC 2 - 2AB.ACcos BAC 
« 25 = 49 + 64 - 112cosBAC 


<=> cos BAC = — 
14 


'1 - cos 2 BAC = . 1 - 


r ii v 


=> sin BAC 


S,\abc = -AB.AC.sin BAC = I - 7 — 
2 2 14 


5V3 

14 

= 10V3 


AH = _ 20-J3 

BC 5 


= 473 


=> OH 2 = OA 2 + AH 2 = 16 + 16.3 = 64 
=> OH = 8 
Vay: d(0, BC) = 8. 
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C/ BAI TAP NANG CAO 



Bai 1 . Cho tuf dien OABC co OA, OB, OC doi mot vuong goc voti 
nhau sao cho AC = 20B va BC = 20A M va N la chan cac 
dticmg vuong go ke tti O lan li/ot xuong AC va BC. 

b) Chcmg minh: MN i OC 
l) Tinh cos MON 

c) Cho D la trung diem cua AB. Chufng minh ding: 

tg 4 OCD MN _ 
tgOCA + AB 



Giai 


DSt OA = a, OB = b, OC = c 


Ta co: 


[AC = 20B - 2b 
I BC = 20A = 2a 

f4b 2 = a 2 + c 2 


[4a 2 = b 2 + c 2 

=> 4b 2 - 4a 2 = (a 2 + c 2 ) - (b 2 + c 2 ) 
o b 2 = a 2 
o a = b 

=>c*a%/3 A 

I AC = BC = 2a 



| AB = ajz 

a) Ta co: AOAC = AOBC 

[OM = ON 

=> < 

[CA = CB 

• AOCM = AOCN => CM = CN 
> CM = CN 
^ CA ~ CB 
=o MN // AB 

Mk OC 1 (OAB) => OC 1 AB 


=> OC 1 MN 


b) • Xet AOCA, ta co: 


OM = 


= _ 1 _ 

” OA 2 

RyfS 

2 
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Do MN // AB => 


MN CM CM.CA OC 2 3a 2 3 


AB CA 


CA 

3a>/2 


CA 2 4a‘ 


=> MN = -AB = — 
4 4 


cos MON = 


PN 2 + ON 2 - MN 2 
‘20M0N 


20M 2 - MN 2 
20M 2 


2 f —— T _ ( 3a ^ 


Vay cos MON = — 

4 


c) Ta co: 


ftgOCA = 2^ = 


OA a _ 1 
OC a>/3 %/3 

aj2 


OC a >/3 6 n/6 


tg 4 OCD MN 36 3 1 3 , 

=> — -== r - + - = ~ + - =>-+-=1 

tg 4 OCA AB 1 4 4 4 

9 


Bai 2. Cho tuf di^n ABCD co AB = 2x > 0, CD = 2y > 0 v& bon canh 
cbn lai d«lu bkng 1. 

a) Tinh I = S i4B cd + S^acd + Saadb + S lBCD theo x, y. 

b) Xac dinh x, y de I dat gia tri ldn nhat. 



94 








T 


bi Theo bat dang thUc Cauchy 

Y. < (x 2 + 1 - x 2 ) + (y 2 + 1 - y 2 ) = 2 

I 

X 


Dau ‘*= n c=> 


= slV- 


[y = x/i - v 2 


v2 

- «■ x = y = y 


Vay: Max X = 2ox = y= — 




Bai 3. Cho aOAB. Tren ducfng thang (A) vuong goc vdi (OAB) tai O, 
ta lay diem C (* O) Goi H la trite tarn AABC, qua H dung 
dubng thang vuong goc vbi (ABC) c4t (OAB) tai K. ChUng 
minh rang: 

a) True tarn \OAB 

b) HK cat (A) tai D. 

c) AD i BC va AC 1 BD 

d) Tich so OC.OD khong phu thuoc vao vi tu cua C tren (A). 

Giai 

a) Ta co: HK 1 (ABC) 

=5 CB1HK (1) 

Do H true tarn AABC 

=> CB J_ AH (2) 

Tit (1) va (2) => CB ± (AHK) 

=> CBlAK (3) 

Do (A) 1 (OAB) 

=> (A) 1AK (4) 

Tit (3) va (4) => AK 1 (OBC) 

=> AK 1 OB (5) 

ChUng minh tuong tu BK 1 OA 
Tit (5) va (6) => K la trite tam AOAB 

b) Goi III = CH ^ AB 

Do vay O, K, I thang hang 

Khi do HK va (A) nam trong (IOC) khong song song nen cat 
nhau tai D. 

c) Theo chufng minh tren CB 1 (AHK) 

BC 1 AD 

Chufng minh tuemg tu: AC 1 BD 
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d) Ta co AOKD <*> AOCI 
OK OD 
^ OC ~ OP 
=> OC.OD = OK.OI = const 


Bai 4. Cho hinh chop SABC co day ABC la tam giac vuong tai B, 
SA = AB = a, BAC = a, (ABC). Goi 3 la goc giufa (SAC) vk (SBC). 

J1 + cos" a 


a) Chufng minh r£ng: tga.tgP = 


cos a 


b) Tam giac ABC phai co dieu kien gi de 3 = 60° 


Giai 

a) Ke AH 1 SC, AK 1 SB (H e SE, K e SB) 
BC 1 BA S 

BC 1 SA (vi SA 1 (ABC)) 

=> BC 1 (SAB) 

AK 1 BC 


Ta co: 


Lai co AK 1 SB 
AK J_ (SBC) | 


HK 1 SC 


Ma AH 1 SC J 
(Do dinh li ba difdng vuong g6c) 
=> AHK = 3 

AK a 



sin3 = sin AHK = 


AH 72 Va 


1 cos 2 a 

-f- --- 


a 


=> cos 2 p = 1 - sin 2 p = 1 - 
sina 


1 + cos 2 a sin 2 a 


cosp = 


tg3 = 


72 


jl + cos 2 a 
2 


C 


1 + cos a 


vr 


sma 

72 ' 

b) Ta co: P = 60° <=> tgp = 73 


+ cos a 
sina 


=> tga.tgP = 


7T 


+ cos a 


cosa 


7T 


+ cos a 


sina 


= 73 
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o 1 + cot^a = 3 
o cotg 2 a = 1 
«■ cotga = 1 
o a = 45° 

o AABC vuong can tai B. 

Bai 5. Cho la tarn tam giac deu ABC va d la diicfng th§ng vuong 
goc vdi (ABC) tai O vcri S (kMc 0) tren d. Goi a la giufa mat 
ben va m&t day, 3 la goc gifira hai mat ben ke nhau. Chctog 

minh rang dai lirong F(a,3) = tg^a Otg 2 - - 1) khong phu thuoc 

2 

vao vi tu cua S tren d. 

(Tap chi “Toan hoc cua tuoi tre”, nam 2005) 
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Bai 6. Cho tuf dien ABCD vdi AB = CD = c, AC = BD = b, AD = BC 
= a. Chufng minh ring: —^-y * — 


aV b 2 c 2 
S la tong di^n tich bon mat cua tut dien. 


~j~2 - ^2 (*>> tron g d6 

C 3 . b 


Giai 


Hien nhien ta c6: 


AABC = AACB = AABD = ABCD 
abc 


S = 4Saabc = 


R 


trong do R la ban kinh di/dng 
tr6n ngoai tiep AABC. 

Khi d6: 

BDT (*) <=> 1 1 1 



(abc) 


(ab) 2 (be) 2 (ca) 2 

o a 2 + b 2 + c 2 < 9R 2 (**) 

BBT thufc cuoi luon dung, vi 

a 2 + b 2 + c 2 = 4R 2 (sin 2 A + sin 2 B + sin 2 C) 

= 4R 2 [1 - cos 2 A + 1 - i(cos2B + cos2C)l 

2 

= 4R 2 [2 - cos 2 A + cosA.cos(B - C)] 

< 4R 2 (2 - cos 2 A + IcosA I) 

= 4R 2 [ — - (cos 2 A - IcosA I + - )] 

4 4 

= 4R 2 [ | - (IcosA I - | ) 2 ] ^ 9R 2 

cosA.cos(B - C) = |cosA| 

« ' 1 


Ddu 


u r» 


|cosA) = 

B = C 
A = 60° 

<=> ABCD Id tut di§n deu. 


<=> 


<=> AABC deu 


Bai 7. Cho tur di#n deu canh bang 1. M va N la cac diem di dong 
trdn AB, AC sao cho (DMN) luon vuong g6c vori (ABC). Dat 
AM = x, AN = y. 

a) Chufng minh ring: x + y = 2xy 
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b) Tinh tong dien ti'ch bon mat cua tuf dien DAMN. 

c) Xac dinh x, y de dai liicrng a cau b dat gid tri 1dm nhat vd nho 
nhat. 


Giai 

a) Ke DH 1 MN tai H. 

Dq J(DMN) 1 (ABC) 

|(DMN) n (ABC) = MN 
Nen DH 1 (ABC) 

=> H la tam AABC (vi ABCD la tuf dien deu) 

Khi do: 

SaAMN = SaAHM + SaAHN /Mm x 


^AAMN - ‘‘JaAHM -r O^aHn 

1 V3 1 1 

0 2 !! 'y = 2 AHI ” ,l 2 


B 


1 2 S, ,1 M 

2'3‘T X + y '2 

V3. . 

—7T (x + y) 


ox + y = 2xy 

b) X = Saamn + A a dam + an + Sadmn 

1 73 i S i & 

= — xy— + —x— + —y. — i 

2 2 22 2 2 

T\tt 2 n a 2 ATf2 i (m 


+ -x— + -y. 
2 2 2 


(vi DH 2 = DA 2 = AH 2 = 1 - 


Vdyl = ^(x + y + xy)+ ^ 
4 6 

c) Do ket qu& cfiu a) x + y = 3xy 


Nen: £ = V§xy + —^xy(3xy -1) 

6 

• Chu y Ik — < x, y < 1 nen 
z 

(x- l)(y - 1) > 0 
o xy - (x + y) + 1 s 0 
o xy - 3xy + 1 > 0 


.*> 

3 


lx 2 + y 2 - xy 


*■12 2 

+ 2 + y ~ xy 


oxy<- 
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Dau “=” <=> (x, y) <=> {(1, ^), 1)1 

z z 

• Theo bat ding thtfc Cauchy: 

3xy = x + y > 2 ,/xy 

=o 9(xy) 2 > 4xy 


«xy^- 


(3) 


Dau “=” o x = y = - 

3 


TCr (1), (2) va (3) => 


4x/3 V6 fl23 


V3 y/6 


d- I -.— < < - + 

9 6 H9 2 6 


* /q 1 

CO - (4 + s/2) < £ < ^sl2 + 2sf3) 


Vay: 


Max£ = h>yj2 + 2sf3) khi (x, y) € 1(1, i), 1)1 

4 z z 

Min£ = ^<4 + s/2) khi x = y = —. 

9 3 



Bai 8. Cho tuf dien ABCD c6 S a dab = Sm)bc = Sadca va tong c£c g6c 
phing d dinh cua til dien b&ng 180°. Chufng minh ring ABCD 
Ik tuf dien gan deu (turc la c6 DA = BC, DB = AC, DC = AB) 


Giai 

D 




Dat DA = a, DB = b, DC = c 

ADB = a, BDC = 3, CDA = y 
Theo gia thiet, ta co: 


III 





la + P + y = 180° 

I^ADAB = ^ADBC = 


iabsina = — bcsinp = icasiny 
2 2 2 

sina sinp siny 


Xet AD'A'B' co A'B' = c, D' = a, A' = p, B' = y 
Theo dinh ly hhm sin trong AD'A'B', ta co: 
sina _ sinp _ siny 

~~7~~ DD 7 " ATT 

TCf (1) va (2) => B'D' = a, A'D' = b 
=> AD'A'B' = ADAB 
=> AB = A'B' = c 
=> AB = DC \ 

Chufng minh tucfng ta 

BC = AD, CA = DB 


Bai 9. Cho ta di$n ABCD c6 AD = BC = a, AC = BD = b, AB.CD = 
c 2 . P tuy y trong khong gian. Chdng minh rang: 


PA + PB + PC + PD £ J2(a 2 + b 2 + c 2 ) 


(Tap chi “Toan hoc d tu6i tr£”) 


Giai 


Goi M, N lln lagt la trung di<?m AB vh CD. 


Khi d6: 


AABC = AABD 
AACD = ABCD 

CM = DM 
AN = BN 

MN 1 CD 
MN 1 AB 


B V -V ‘ D 

\ P "V Q 


Goi P' la diem doi xOng cua P qua MN va Q la giao diem cua 
MN va PP'. 


101 






AB = m, CD = n (=> mn = c 2 ) 
MQ = x, NQ = y 



Ta c6: AP' = BP va CP' = DP 


=> PA + PB + PC = (PA + AP') + (P'C + PC) > 2(AQ + CQ) (1) 
Mat khac 



Ttr (1) va (2) => PA + PB + PC + PD > V2(a 2 + b 2 + c 2 ) 



Gidi 


a) Ta c6: 

AB 2 + BC 2 + CA 2 - 4S.ABC 73 
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= AB 2 + CA 2 + AB 2 + CA 2 - 2AB.CA.cosA - 2 73 AB.CA.sinA 


= 2(AB 2 + CA 2 ) - 4AB.CA( — cosA + — smA) 

2 2 

= 2(AB 2 + CA 2 ) - 4AB.CA.cos(A - 60°) 

> 2(AB 2 + CA 2 ) - 4AB.CA 
2 2(AB - CA) 2 > 0 
AB 2 + BC 2 + CA 2 > 4Saabc 73 




SA 2 + SB 2 + SC 2 + AB 2 + BC 2 + CA 2 > 2 73 L (1) 

Bat: BSC = a, CSA = p, ASB = y 
a, (3, y > 0 
a + P + y = 180° 

Khi d6: SA 2 + SB 2 + SC 2 + AB 2 + BC 2 + CA 2 
= 9 - 2(cosa + cosp + cosy) < 7 


Thi 


( 2 ) 


2« . o—P + Y _P-7 


(Vi cosa + cosp + cosy = 1 - 2sin — + 2cos 

2 2 

0 . 2 <* o • OL p-y 
= 1 - 2sm — + 2sm — .cos 


.cos 


= 1 + 2sin — (cos-—- 
2 2 


cos 


2 

P + y 


) 


i . . a . P . y . 

= 1 + 4sin-^-.sin r .sin — > l 

2 2 2 

T ii (1) va (2) => I < --?= = — 

273 6 
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Bai 11. Cho hinh ch6p ttf gidc S.ABCD, ddy ABCD la tur giac loi c6 
AC v& BD dkt nhau tai O. Mat phang (a) c&t SA, SB, SC, SD, 
SO lan loot tai A', B’, C’, D', O’. Chufng minh r&ng 

o SA _ SC SD SB 

S^ 0 -— =S„ K .— *S«». s 


G id; 


Bat: OA = a.OC, a > 0 


Ta c6: 


a + 1 


= (a + 1)S, 


A’Ac 




a _ ^AADB 




(Ban doc ttf kiem tra ket qua nay) 
Do d6, ttif: S^sa'c = Sasao 1 + Sasco - 
0 W = « SA'.SO' 


’aSCO' 


a +1 SA.SO a +1 S„ 


SA’-SC’ 

SA.SC 


- °AADB 


SA'.SO' S A „,„ SC'.SO’ 


Sabcd SA.SO 


S A bcd SC.SO 


SC SA SO „ 

<=> &AADB- — + &4BCD- — = -OABCD 

Chtfng minh toong to 

o SD „ SB _ SO Q 
AABC ‘ SD' AACD SB' SO' SaBCD 

Tir (1) va (2) => Ket qua bai todn 
Chii y: Trong tnicrng hop dac bi$t 
• Neu ABCD la hinh binh hanh thi 

Saabc = Saacd = Saadb = Sabcd = — S, 


i , », SA SC SB SD 

Luc do: -+-=-+- 

SA' SC' SB' SD' 

Day chinh la ket qua bai 8 (muc c, choong II) 
• Neu S.ABCD la hinh chop tuf giac deu thi 
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S/vABC _ ^.iAC'D “ ^"iADB ~ S ABCD - 2^® 

SA = SB - SC = SD 

Luc do 

1 1 = 1 1 
SA' + SC' ~ SB' + SD' 

Ddy chink la ket qua cua mot bai toan hinh khong gian trong di 
thi tuyin sink Dai hoc bach khoa ndm 1977. 

Bin 12. Cho tuf dien deu S.ABC. Qda dddng cao SO cua tuf di^n ta 
dung mot mat phang cat cac mat ben theo ba giao tuyen tao 
vdi mat day (ABC) theo cac goc a, p, y. 

Chiing minh rang: tg 2 a + tg 2 p + t g*y =12 

(Di thi f)lympic 30 - 4, ndm 2006) 

Giai 

S 


B 

Hinh 1 

Goi M, N, P lan luot la cac giao diem cua mat ph&ng di qua SO 
vdi cac dtfdng th&ng BC, CA, AB. Goi a, p, y lan luqt la cdc goc 
tao bdri SM, SN, SP vdi (ABC) 

Khi do: AMO = x, ANO = p, APO = y 
Dat HOM = x, ION = y, KOP = z (xem hinh 2) 
x + y = 60°, y + t = 120" 

Ta co: ■ OM = ON = OP = 

6cosx 6cosy 6cosz 

(Vdi AB = a) 
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OM 2 + ON 2 + OP 2 
12 

= — (cos 2 x + cos 2 y + cos 2 z) 


= — 2 -[cos 2 ( 60 ° - y) + cos 2 y 
a 

+ cos 2 (120° - y)] 

= - 41 3 + cos(120° - 2y) 
a 2 

+ cos2y + cos(240° - 2y)] 

= 4^3 + cos(120° - 2y) 
a 

+ cos(120° + 2y) + cos2y] 

12 

= -^(3 + 2cosl20°.cos2y + cos2y) 


= 4(3 - cos2y + cos2y) = 4 
a' a 

Vay: tg*a ♦ tg 2 ? ♦ «*S = SO ! ( ^ ^ 4^ > 

- .12 



M H 

(Hinh 2) 


Bai 13. Cho tuf dien OABC vuong tai O (nghla la co OA l OB, 
OB 1 OC, OC 1 OA). Goi a, P, y lan ltfcrt la cac goc giufa diicmg 
cao OH vdri cac canh OA, OB, OC. 

, v cosa + cosP cosp + cosy cosy + cosa 18 

Chung minh rang: -- L + - — Tr -> -j= 

cos y cos a cos p V3 

(Di thi Olympic 20 - 4) 
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Theo bat dang thdc Bunhiacopski 

0<x + y + z< \j3(x~ + y 2 + z 2 ) = 73 


Suy ra: 73 VT (*) > (x + y + z).VT(*) 
= (x + y + z) 


fx + v y + z z + x' 

1 + —r- + 


V 


.2 


y 2 ) 


(x + y) 2 (y + zf 


(z + x) 2 


O 



-C 


x+y y+z z+x 


x 


f 

: x 

y) 

fy 

_>! — + —( + 


v.y 

x) 

U 

>6 + 

- 6 2 = 

18 


3 


Df.u 

’ o x = 

y 


z x 

— 4 - — 


y 1 fy z'' 

( z 

xY 


+ 1 — 

+ - 

x J U y ) 

Vx 

Z J 


-|2 


18 

73 


Bai 14. Cho tuf dien ABCD co tong cac goc phang 6 dinh A bang 
130° va dien tich cac tarn giac ABC, ABD, ACD bang nhau va 
bing S. hinh chieu vuong goc ciia A tren (BCD) thuoc mien 
trong ^BCD. Goi u, v, w lan lirat la goc tao bcfi (BCD) von cac 
mat (ABC). (ABD), (ACD) 

Chung minh rang: 

8 

sin 2 u + sin 2 v + sin 2 w < — 

3 

(De thi Olympic 30 -4) 


Giai 


A 



I 




Bat: 


AB = x, AC = y, AD = z 
BAC = a, CAD = (5, DAB = y 

<=> a + P + y = 180°) 

Do: S^abc = Saacd = S^db = S 

<=> xysina = yzsinp = zxsiny = 28 
sina sinp siny 


(1) 


X6t AA'B'C', vtfi < 


A' = a, B' = P, C' = y 
B'C' = z 


( 2 ) 


Ttf (l) va (2) 


=> AABC = AA'B'C' 


Theo dinh ly ham sin ta c6: 
sina _ sinP siny 
■l AV AD 7 

(A'C = x 

[A'B' = y 

==> BC = B'C' = z 
=>BC = AD 

Chtfng minh tifcmg tu: CD = AB, BD = AC 

=> ABCD la tur dif n gan deu 

(ttfc la ttf dien co ctfc cap canh doi bang nhau) 

KeAHl (BCD) (H nkm trong ABCD) 

Ta co: cosu + cosv + cosw = + ^ AHB1? - + ^ah c d 

^AABC ^AABD ^AACD 

_ ^AHBC + ^AHBP + ^AHCD _ J 
^4BCD 

Do do, theo bat dang thtfc Bunhiacopski, ta c6: 

1 = (cosu + cosv + cosw) 2 < 3(cos 2 u + cos 2 v + cos 2 w) 

1 
3 
8 


=> cos 2 u + cos 2 v + cos 2 w > 


Vay: sin u + sin v + sin w < 

a 

Dau “=” c=> cosu = cosv = cosw 
<=> ABCD la ttf dien deu. 
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Bai 15. Cho ttf dien ABCD co AB = CD, AC = BD, AD = BC 

Goi a, (3, y la so do cac goc ma cac mat ABD, ABC. ACD tao 
vdi (BCD). Gia stf hinh chieu cua A tren (BCD) thuoc mien 
trong ABCD. Chirng minh rang. 

cosa(x + cosP) + cosf3(y + cosy) + cosy(z + cosa) < 1, 

v |xy, Z ,R 

|x 2 + y 2 Z 2 = 1 

(DS thi Olympic 30 - 4, nam 2006) 


Giai 

Goi H, I, J, K lan lifpt la hinh chieu vuong goc cua A tren 
(BCD), BC, CD, DB. 


Khi do: 


AKH = a, 

ATh = p, (0 < a, 3, y < |) 
AJH - y. 


Ta co: 


’ABCD 


>aHBD 


>aHBC 


>AHCD 




H 


= SaabD-COSO + Saabc-cosP 

+ SAACD-cosy (1) c 

Do tur dipn ABCD gan deu nen: 

SiBCD = SaABD = SaABC = SaACD (2) 

m „ . (cosa + cosp + cosy = 1 

TCt (1) va ( 2 )=> \ 

(cosa, cosp, cosy > 0 

=> cos 2 a + cos 2 p + cos 2 y < cosa + cosp + cosy = 1 (3) 

=> cosa(x + cosp) + cosP(y + cosy) + cosy(z + cosa) 

= xcosa + ycosp + zcosy + cosa.cosp + cosp.cosy + cosy.cosa 

< — (x 2 + y 2 + z 2 + cos 2 a + cos 2 p + cos 2 y) + cosa.cosp 
2 

+ cosp.cosy + cosy.cosa 


< -(x 2 + y 2 + z 2 ) + —(cosa + cosp + cosy) 2 < 1 


109 




cosa(x + cosP) + cosP(y + cosy) + cosy(z + cosa) < 1 

x = cosa 
Dau “=” <=> • y = cosp 
z = cosy 

=> cos 2 a + cos 2 0 + cos 2 y = x 2 + y 2 + z 2 = 1 (Mdu thuan vcfi (3)) 
Vay: cosa(x + cosp) + cosP(y + cosy) + cosy(z + cosa) < 1 


Bai 16. Cho hinh h$p chtf nhat ABCD.A'B'C'D' co AB = a, AD = b, 
AA' = c. Dtforng ch£o AC' tao v<5ri ba canh AB, AD, AA' lan lifot 
thanh cac g6c a, p, y. Churng minh rang: 


cos 18 a cos 18 p 


c 12 

cos 18 y 


> 59049 (abc) 4 


(Di thi di nghi Olympic 30 - 4, nam 2006) 


Giai 

AB a 



> 




> 3 !0 .(abc) 4 > 59049(abc) 4 (Do bat dang thOfc Cauchy) 


Dau “=” o a = b = c 


o ABCDA'B’C'D' la hinh lap phifcmg 
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Bai 17. Cho hinh ch6p til giac deu S.ABCD. Mat phang (P) thay doi 
nhung luon cat cac canh SA, SB, SC, SD ldn luat tai A', B', C', 
D' (A', B', C', D' khong trimg vdi cac dau mut cua cac doan 
tMng SA, SB, SC, SD). 

Crnrng minh rang mot trong hai ty so - va - 

6 6 y SB' + SD' SA'.SC' 

luon co it nhat mot so khong lcm hem 1 khi mat ph&ng (P) 

thay doi 

(Dk thi dk nghi Olympic 30 - 4, ndm 2006) 

Giai 

Goi O la tarn cua day ABCD 
O’ la giao diem cua A'C' va B'D' 


Dat ASC = 2<p (0 < <p < — ) 

2 



TCf day de dang suy ra cd it nhat m§t trong hai so 
SA' + SC' SB'.SD' _ . , ... ,_ w . 

SffTsD 7; sX^sc khone Wn hfln 1 Hu (P) thay do ‘- 


Bai 18. Cho hinh chop S.ABC. G trong tarn AABC. M6t mat ph^ng 
(P) cit SA, SB, SC, SG theo thtf tu tai A', B', C', G'. Chufng 
minh ding: 

SA • SB SC 3SG 
SA' + SB' + SC' " SG' 

(Bo dk tuyin sink) 
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Gidi 



SA = a, SB = b, SC = c 
Bat: SA SB SC SG 

SA' ~ X ’ SB' " y ’ SC' ~ Z ’ SG'' m 

Ta ciln chufng minh x + y + z = 3m 

A 

Qua vfiy, ta c6: 

SA' = -a, SB' = -b, SC' = h. 

x y z 


SG' = -i-SG = -MSA + SB + SC) = Ma + b + c) 
m 3m 3m 


(vi G la trong tam AABC nen SA + SB + SC = 3SG) 
Theo gia thiet thi A', B', C', G' dong ph^ng nen 

SG'’ = aSA' + (3SB' + ySC' (vdi | a ’ P ’ Y € R ) 

[a + p + y = 1 

1 , - r -. a - pr y^ 

<=> -(a + b + c ) = — a + —b + -k: 


y z 


a 1 
x 3m 

-P = — 

y 3m 

y = J_ 

z 3m 


«- P 


=> -+ + — = a + f3 + y= l 

3m 3m 3m 
=> x + y + z = 3m (dpcm) 


Bai 19. Cho hinh ch6p O.ABC c6 OA, OB, OC doi m§t vuong goc 

vdi nhau. M la m6t di&m tuy y thuoc mat ddy. Tim gia tri nh6 

, c AH 2 BH 2 CM 2 
nhttcua S = — 

(D& thi chinh thiic Olympic 30 - 4, ndm 1998) 
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o 


DSt- ~ a > OB = b, OC = c 
IOA = a, OB = b. OC = c 

V 


x. y, l € R 

Ta co OM =xa + vbt ze voi < 

v+z=1 



CM 2 , v 2 2 a 2 2 b 2 

■ = (7- - lr + X 2 .— + y 2 .— 

c~ c fc c 

Cong cac dAng thiJc tren ve theo ve. ta co: 

s _ AM 2 BM 2 CM 2 

= AO 2 * BO 2 + CO 2 


2 2 ^^ 1 | z\ 

*“lF + 7 tyb 


1 n 


, 2_2 


1 1 '1 


(c 2 * a 2 ,) + Z C la 2 ' b 2 j 


+ (x- l) 2 + (y - l) 2 + (z- l) 2 
1_ 1 

b 2 V / 


f V + T~F + ~I ^ + y £ b 2 + z2 ° 2 } - 2(X + y + z) + 3 


a 


OM 2 


OH 
tren (ABC)) 
Dau “=” o M s H 


j + 1 > 2 (vdi H la hinh chieu vuong goc cua O 


Vay MinS = 2 


Bai 20. Xet cac tuf dien S.ABC co SA, SB, SC vuong goc vdri nhau 
tong dbi mot va cac mfit ben (SBC), (SCA), (SAB) theo thuf tif 
hop von mat (ABC) cac goc a, p, y. Tim giA tri nho nhat cua 
M = tg 2 oc + tg 2 p + tg^y + cotg 2 p + cotg 2 y. 

(Be thi chink thiic Olympic 30 - 4, n&m 2002) 
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/-t • ? • 

Giai 


Goi H, A’ lan lupt la hinh chieu 
vuong cua S tren (ABC), BC. 

De dang chdng minh dupe ring 

(A, H, A' thing hang 
}h true tam \ABC 

Khi do: 


S 



((SBC), (ABC)) = SA'H - ASH = a 

1 1 i 1 1 1 

SH 2 ' SA 2 + SA' 2 " SA 2 + SB 2 + 

2 2n 2 SH 2 SH 2 

=> cos a + cos B + cos v = -- +-- 

1 SA 2 SB 2 


B 

1 

SC 2 

SH 2 
+ SC 2 



Bat x = cos 2 a, y = cos 2 p, z = cos 2 y (=> 


|x,y,z>0 
[x + y + z = 1 


Ta c6: 


M = 


1 — x 1 - y 1-z 

-+ - i. +- 

x y z 


x 

+ - 

1 -X 


y 

i-y 


+ 


Z 

1-z 


y + zz-*-xx + y x y z 

-- + - + -— + - + - - - - 4 - - 

x y z y+zz+xx+y 


\ y + z 


( 4x 



y + z) 


+ 


Z + X 

vly" 


y | f Xty + z ) 
z + xj [ 4z x + y j 


3f x y j 
+ + - + 

4Vy X; 

£ 1 + 1 + 1 +- 

2 


3f y + i' 

4^z y, 

3 3 

+ - + “ 



X ) 

zj 


(Do bat ding thufc Cauchy) 

Dau “=” o x = y = z o SA = SB = SC 

Vfiy Min(M) = —. 

2 
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Bai 21. Trong khong gian cho bon tia phan bidt Ox, Oy, Oz, Ot sao 
cho cac goc tao bcfi hai tia bat ky deu b&ng nhau. Tren cac tia 
Ox, Oy, Oz, Ot lan lirgt lay cac diem A, B, C, D. Chijfng minh 
rang vdi moi diem M trong khong gian, ta luon co: 

MA + MB + MC + MD > OA + OB + OC + OD 

(Be thi di nghi Olympic 30 - 4) 



+ OA + OB + OC + OD > OA + OB + OC + OD (Do (*)) 
Vay: MA + MB + MC + MD > OA + OB + OC + OD 

D§u “=” <=> M = O 
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D/ BAI TAP TRAC NGHlf M ON TAP CHl/GNG III 

Bai 1. Cho tuf dien ABCD co M, N lan luot la trung dia’m cua AD va 
BC. Trong cac khang dinh sau, kh&ng dinh nao sai? 

I | a. AB, CD, MN dong phing 

□ b. AC, BD, MN dong phang 

□ c. AB + ACt DB * DC = 4 MN 

□ d, AB + AC - DB - DC = 6 

Bai 2. Cho hinh hop chuf nhat ABCD.A’B'C’D' co AB = a, AD = b, 
AA‘ = c. Khi do AC' bang 

I | a. %/a 2 7 b" + c 2 Q b. a 2 + b 2 + c 2 

I | c. \/abc Q d. Mot dap so khhc. 

Bai 3. Cho tur di^n ABCD. Goi M, N lan luot la trung diom cua BC, 
AD. Cho AB = 2a, CD= 2a J2 , MN = a 75 Goc gida AB va CD 
bang 

□ a. 15° □ b. 30° □ c. 45° □ d 60° 

Bai 4. Cho hinh lap phuong ABCD.EFGH. Hay xdc dinh goc gitia AF 
va EG 

□ a. 30° □ b. 60° □ c. 90° □ d 120° 

Bai 5. Cho hinh chop S.ABC c6 day ABC la tam giac vuong tai A, O 
trung diem BC, SO _L (ABC). Khi do m$nh de nao sau day la 
sai? 

□ a. AB 1 SO. 

I | b. Hinh chieu cua SA tr§n (ABC) la OA. 

I I c. Hinh chieu cua SB tren (SAO) la OB. 

I I d. Hinh chieu cua SC tren (SAO) la SO. 

Bai 6. Cho hinh chop S.ABCD c6 ABCD la hinh thoi canh a va 
SA = SB = SC = a. Khi do: 

I I a. ASBD d4u Q b. ASBD c6 g6c 60° 

I I c. ASBD vuong can Q d. M6t ddp so khac. 
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Bai 7. Cho hinh hop chtf nhat ABCD A’B’C’D’ co AB = a, BC = b, 
CC’ = c. Tinh khoang cAch tii B den (AA’C’C). 


□ a. ~(a + b) 
[~] c. Va 2 + b 2 


] b. v'a.b 



Bai 8. Khoang each giufa hai canh ddi cua mot tut dien deu canh a 
bang ket qua nao trong cac ket qua sau day: 


□ 


a 

a. — 


V2 


□ b. 


iv/3 


□ c. ~ 
^ 2 


| | d. Tat ca deu sai. 


Bai 9. Cho hai duerng th^ng avab lan lueft co vectcf chi phuong la u 
va v. Hay tim menh de sai trong cac menh de sau: 

a. Neu a 1 b thi u. v =0 
| 1 b. Neu u . v = 0 thi a ± b 

[~1 c. Neu <p la gdc giufa a va b thi coscp = 

( | d. Neu (p la g6c giufa a va b thi costp = 



Bai 10. Cho tuf di0n deu ABCD canh a. Goi MN l^n 1 Jt trung diem 
oia BC, CD. Hay chon kh&ng dinh sai trong :A Kh&ng dinh sau: 


□ a. W = 


a 


□ b. BD . DN < 0 


□ c. CM . CN = 5a 2 


□ d. AB.BM = - 


a' 


Bai 11. Cho hinh hop chuf nhat S.ABCD co ABCD la hinh vuong va SA 
_ (ABCD). Hay tim khang dinh sai trong cac kh&ng dinh sau: 

□ a. (SAC 1 (ABC) □ b. (SAC) 1 (SCD) 

□ c. (SAB) x (ABCD) □ d. (SAD)' 1 (ABCD). 

Bai 12. Cho tuf dien OABC c6 OA, OB, OC doi m0t vuong gbc va 
OA = OB = OC = sJE . Goi I la trung diem cua BC. Tinh d(AI, OC). 

□ a. 4 □ b. 3 □ c. 2 □ d. 1. 
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Bai 13. Cho hinh chop tuf gidc S.ABCD co ABCD la hinh vuong canh 
a va c£c canh b£n deu bang a 72. Qua A dirng mat phang (D) 
vuong goc vdi SC tai C\ mat phang nay cat SB va SD’ lan li/at 
tai B’ va D’. Tinh di$n tlch thiet di$n AB’C’D’ 


□ a. 

□ c. 




Bai 14. Cho AABC co AB = 7, BC = 5, CA = 8. Tren dudng thang 
vuong g6c vdi mat phang (ABC) tai A, ta lay diem O sao cho 
AO = 4. Tinh khoang each tit O den ditdng thang BC. 

□ a. 8 72 □b. 10 72 

□ c. 8 □ d. 10. 


dAp an 


Cau 

1 

2 

3 

4 

5 

6 

7 

Ddp an 

d 

a 

c 

b 

d 

c 

d 

cau 

8 

9 

10 

11 

12 

13 

14 

Dap an 

a 

d 

c 

b 

d 

a 

c 
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• gi6i thieu m6t so bAi toan hinh hqc 

KHONG GIAN TRONG CAC DE THI TUYEN SINH 
DAI HOC VA CAO dAnG Tur NAM 2000 DEN 2007 

9 • 

. BAI tAp trAc nghiAm on tAp cuoi nAm 

• • • 

A/ GICJI THIEU MQT SO BAI TOAN HiNH HQC KHONG GIAN 
TRONG CAC DE THI TUYEN SINH DAI HQC VA CAO DANG 
Tlf NAM 2000 DEN NAM 2007 


Bai 1. Cho hinh chop tuf dien d4u S.ABCD c6 dAy la hinh vuong 
canh a. Goi E 1A diem xufng cua D qua trung dilm cua SA, M 
trung dem cua AB, N la trung diem cua BC. Chufng minh r^ng 
HN l BD vA tinh d(MN, AC) theo a. 

(Dai hoc ud Cao d&ng, khd'i B, n&m 2007) 


Giai 

• Goi P trung diem SA. 

Ta co MNCP 1A hinh binh 
hAnh nen MN // (SAC). 

Mat khac BD 1 (SAC) 

Nen MN 1 BD 

Vi MN // (SAC) nen 

d(MN, AC) = d(MN, (SAC)) 



= d(N, (SAC)) = d(B, (SAC)) 



VAy d(MN. AC) = — . 
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Bai 2. Trong mat phang (P), cho hinh vuong ABCD. Tren dubng 
thang Ax vuong goc vdi mat phang (P) ta lay diem S bat ki, 
dung mat phang (Q) di qua A va vuong goc vciri SC. Mat phang 
(Q) cat SB, SC, SD lan luqt tai B’, C’, D’ ChUng minh: B, D, 
B\ D’, C’ cung nhin AC ducri mpt g6c vuong. 

(Cao ddng Kinh te Ki thuat C6ng nghiep II, khdi A, ndm 2006) 


Ta c6: 


BC 1 AB 
BC ISA 


Giai 


BC ± (SAB) 


=> AB r 1 BC ) / 

Mat khac AB' 1 SCj / 

AB’ l(SBC) l/_ 

^ AB’ 1 B’C (1) B 

Chufng minh tUcfng tu AD’ 1 D’C (2) 
Cung cho: SC 1 (Q) 

^ AC’ 1 C’C (3) 

Tir (1), (2) va (3) AFC = AFC 

= ACC = ABC = ADC = 90° (dpcm) 



Bai 3. Cho hinh ch6p tuf giac S.ABCD co canh dhy bang a, goc giua 
canh ben va mat day bang (p (0° < (p < 90°). Tinh tang cua g6c 
giura (SAB) va (ABCD). 

(Dai hoc va Cao ddng, khdi B, ndm 2004) 

Giai 

Gpi O la tarn hinh binh hanh 
ABCD va I la trung dilm canh 
AB, khi d6: 

((SAB),(ABCD)) = SID 

Hem nGra: SO = OBtgSBD = — .tg<p 

2 D A 
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Do do: tg((SAB),(ABCD) 


= tgSID 


50 

51 



Bai 4. Cho hinh chop S.ABCD co ABC la tarn giac vuong can 

AB = AC = a.SA i (ABC) va SA = —. Ti'nh goc giufa (SBC) 

2 

va (SAC). 

(Cao ddng Xdy dung so 2, ndm 2005) 

Gidi 


Ke AJ 1 SC tai J 

Ta co: |(SBC),(SAC)j = AIB (Ban doc tU kiem tra dieu nay) 



Bai 5. Cho hinh lhng tru ddng ABCD.A’B’C’D’ c6 day ABCD la hinh 
thoi canh a, BAD = 60° Goi M la trung diem canh AA’ va N 
la trung diem canh CC’ Chdng minh rSng bon diem B’, M, D, 
N cimg thuoc mftt phfing. Hay tinh AA’ theo a de tur giac 
B’MDN la hinh vuong. 

(Dai hoc va Cao ddng, khd'i B ndm 2003) 

Gidi 
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Mk--- 


• Ta c6: A’H // NC 

=> A’MCN la hinh binh h&nh ^ 

x. rr - 

=> A’C va MN cat nhau tai / ^_\X. £' 

trung diem I ciia moi dtfdng. m / ' \ 

Mat khac A’DCB’ la hinh \ N 

hinh hhnh. A^a"”/ 4 B <N ' 

Trung diem I cua A’C cung a --- 1 

chinh la trung diem cua B’D. ^ ^ 

V£y MN la B’D cat nhau tai trung diem I cua moi dircrng nen 
B’, M, D, N cung thuQC mot mat phang. 

• Ta co AMAD = ANCD 

=o DM = DN => B’MDN la hinh thoi 
Do do B’MDN la hinh vuong co AC = B’D 
co AC 2 = B’D 2 = B’B 2 + BD 2 
co 3a 2 = B’B 2 + a 2 
co B’B = a V2 
o AA’ = a \[2 


Bai 6. Cho hinh ch6p tarn giac deu S.ABC canh day bang d. Goi M, 
N lan krcrt la cac trung diem cua SB, SC. Tlnh theo a dien tich 
tarn giAc AMN, biet rang (AMN) 1 (SBC) 

(Dai hoc va Cao ddng, khdi A, n&m 2002) 


Giai 

Goi K la trung di£m canh BC 

va {II = SJ n MN. A 

Ta co: ASAB = ASAC //l\ 

co AM = AN / I > n 

A 1 1 MN / / LA 

(SBC) 1 (AMN) AjsM I \ 

, u, (SBC) n (AMN) = MN A - c 

Mat khac \ --j 

AI c (AMN) \. I ' - 

AI 1 MN \L ^ K 


Mat khdc 


AI 1 (SBC) 

AI 1 AK 
ASAK can tai A 
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SA = AK = 


a v3 


=> AI 2 = SA 2 - SI 2 = SA 2 


SK 2 3a 2 a 2 5a 


avTo 

==> AI = - 

4 

o 1.1 aVlO a a 2 vTo ,, . 

=> Sv\mn = — AI.MN = - .-=-(dvdt) 

2 2 4 2 16 


Bai 7. Cho hinh chop SABC co day ABC la tam giac deu canh a va 
SA 1 (ABC). Bat SA = h. 

a) Tinh khoang each tir A den (SBC) theo a va h. 

b) Goi O la tam dtfdng tron ngoai tiep AABC va H la tri/c tam 
ASBC. Chufng minh rang OH 1 (SC) 

(Hoc vien Chinh tri Quoc Gia, ndm 2001) 


Giai 


a) Goi I la trung diem cua BC 
Ta co: Ke AK SI tai K 


BC 1 AI 1 
BClSAj ^ 

=* AK 1 BC 
Lai co AK 1 SI 


BC 1 (SAI) 


=> AK 1 (SBC) 


d(A, (SBC)) = AK = 


AS 2 AI 2 


l± + -L 

h 2 3a 2 


ah%/3 
/3a 2 + 4h ! 


b) Theo chufng minh tren: BC i (SAI) 
=> BC i OH (] 

Mat khac 0Bl ^ C l oOBi (SAC) 
OB ± SA! 


J V 

“D ✓ 

\or~A 


- z>C 
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( 2 ) 


SC 1 OB 
Lai co SC 1 BH 

SC _L OH 


SC ± (BOH) 


TCf (1) va (2) => OH l (SBC) 


Bai 8. Cho hinh hop chd nhat ABCD A’B’C’D’ co AB = a, AD = 2a. 
AA’ = a. 

a) Tinh khoang each giufa hax difemg thang AD’ va B’C 

AM 

b) Goi M la diem tren doan AD sao cho = 3. Tinh khoang 

each tCr diem M den mat phang (AB’C). 

(Hoc viin Cdng nghe Buu chinh Vibi thong, ndm 2001) 


Giai 


AD' c (AA'D'D) 
a) Taco: Jb'C c (BB'C'C) 

(AAD'D) // (BB'C'C) 


'i \ 

1 1 ' 


' /at' /\ 

=> d(AD’, B’C) \ 

= d((AA’D’D), (BB’C’C)) / jQB .\) c 

= d(D, (BB’C’C)) S' 

= DC = a A 2 a M D 

b) Ta co AC va BD c£t nhau tai O trung diem moi dating Do do 
d(B, (AB’C)) = d(D, (AB’C)) 

Mat khhc, vi AM = - AD nen 

4 

d(M, (AB’C)) = — d(D,(AB’C)) = -d(B, (AB’C)) 

4 4 

Ke BH JL AC, BK 1 B’H (H e AC, K e B’H) 

_ . AC1BH1 _ 


Ta co: 


AC ± BB j 
BK 1 AC 


Lai c6 BK 1 B'H 


AC 1 (BB’H) 


=> BK 1 (AB’C) 


Do do: d c (M, (AB’C)) = -d(B, (AB’C)) = - BK. 

4 4 
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Ma BH = 


BA.BC a.2a 


\l 5.a 


'' BK‘ BE' 2 + B1T 


^ BK = 


1 

— + 


Vay: d(M, (AB’C)) = 


Bai 9. Cho tur dien A.ABC c6 SC = CA = AB = as/2, SC j_ (ABC), 
\ABC' vuong tai A, M thuoc canh SA va N thuoc canh BC sao 
cho AM = CN = t s (0, 2a). 

a) Tinh MN theo a va t 

b) Tim t de MN ngSn nhat. 

c) Khi doan MN ngSn nhat. Chtifng minh rang MN la dudng 
vuong goc chung cua BC va SA. 

(Dai hoc Da Ndng, narn 1002) 
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I 24 „ 2a 2 

b) Theo cau a, ta c6 MN = ,|3(t - —) 2 +- 

V 3 3 

=* Min(HN) = — a [ tai t = —1 

3 l ' 3 ) 

Oa 2a 

c) Khi t = — , ta c6: AH = CN = — 

3 3 

• Xet AACN thi 

AN 2 = AC 2 + CN 2 - 2AC.CN.cos45° 

i /?;\ 2 r2a N i „ rr n/2 


= (aV2) 


- 2.3 V2. 


= 2a 2 + 


4a 2 4a 2 10a s 


Ma AM = —, MN = — 

3 3 

=> AN 2 = AM 2 + MN 2 

=> MN 1 SA (3) 

• Chufng minh tuong ty MN 1 BC (4) 

TCr (1) va (4) => MN di/dng vuong g6c chung cua SA va MN. 


Bai 10. Trong mat phing (P) cho nufa diicrng tron (C) dudng kinh 
AC, B li di£m thu§c (C). Tr£n nufa dtfdng thing Ax vuong goc 
vdri (P), H, K lan ltfot li cic chan daorng vuong goc ha tuf A 
xuong cdc dirdng thing SB, SC. 

a) Chufng minh ring cic tam gidc SBC, AHK li cic tam giic 
vuong. 

b) Tinh HK theo AC vk BC. 

c) Xic dinh vi ttf cua B trin (C) sao cho tong di$n tich hai tam 
giac SAB vk CAB ldn nhat. Tim gia tri ldn nhat. 

(Dai hoc Vinh, khd'i A, B) ndm 2001) 
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(Dinh li ba duong vuong god 
=> ASBC vuong tai B 


Ta 06: 


BC x SA j 
BC x AB ; ’ 

AH X(SAB) 


BC X (SAB) 


=> AH x BC 
Lai co AH x SB 

=> AH X (SBC) 



AH x (SBC) 


b) Dat <! 


AAHK vuong tai H 
AS - AS - a 


BC = x 


(0 < x < a) 


Ta co: ASKH co aSBC 

SH _ HK 
SC = BC 


^ HK = 


SH.BC (SH.SB).BC 
SC = SC.SB 

S 2 A.BC _ a 2 .x 
SC.SB a\l2.\l2a* - x 2 


Vay: HK = 


2(2a 2 -x 2 ) 


c) Ta co: X = S^sab + S^cab 


= — ( a\la 1 - x 2 + xv a 2 - x 2 


= -(a + x)va 2 - x 2 ‘ 
2 


=> Z 2 = —(3a - 3x)(a + x)(a + x)(a + x) 


^ 1 /'3a-2x-^a + x + a + x + a + x'| 1 

< __ ( - I - ^2 


(Do bat danjg thufc Cauchy) 
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I< ^a 2 


Dau “=” <=> 3a - 3x = a + x 


<=> x = — 

2 

cs BAC = 30° 

Vay: Max I = ~ a 2 <=> BAC = 30° 

.j- 8 


Bai 11 . Cho hinh lap phiiong ABCD A’B’C’D’ co canh bang a. Goi M 
la mot diem bat ki thuoc AB. 

a.i Bat AM = m e (0. a). Tinh gia tri cua m theo a de goc giufa hai 
dtfdng thang DM va AC’ bang 60°, 

b) Khi M la trung diem ciia AB. hay tinh dien tich cua hinh lap 
phirong cat bcfi mat phang (B’DM) theo a 

(Cao ddng su phani nha tre mau giao Trung uang 1 aim 2001) 


Giai 


a) Ke AI // DM (1 e CD) 

Dat a = ( DMAC') 

Khi do: 

cosa = I cos C'AI | 

j3a 2 + a 2 + m 2 - (a 2 + (a + m) 2 J 
2.aV3>/a 2 + m 2 


a - m 


>/3.>/a‘ * m 2 
(D§ y m e (0. a)) 

<=> 4(a - m) 2 = 3(a 2 + m 2 ) 

<=> m 2 - 8am + a 2 = 0 

m = (4 + \/l5)a (loai) 
m = (4 - s/l5)a (nhan) 

o m = (4 - Vl5 )a 


M X' 


I A’I-. i - -1 -> 
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b) Khi M la trung diem cua AB thi (B’DM) cftt C’D’ tai trung diem 
N cua C’D’. Thiet dien cua hinh lap phifong cat boi (B’DM) la 
hinh thoi B’MDN. Do do: 

S BMDN = 1 B’D.MN 

2 

1 o o a"\6 

= -av3 .a v2 =- 

2 2 

Bai 12. Cho hinh ling tru ABC A B’C co day ia tarn giac deu ABC 
canh a Lay tren BB' va CC cac doan BM = x, CN = v 

a) Chung minh rang aAMN chi co the vuong a M hay N Tim he 
thufc giOfa x. y de \AMN vuong o M 

b) Chilng minh rAng Neu x = v thi (AMN'i iuon chura mot dtfdng 
thang co dinh 

c) Goi I la trung diem cua doan AA va a la goc hop bdi (BIC’) va 
(ABC) Tinh AA’ theo a va u. 

<Trung tarn Dqo tao va Boi di/ctng can bo Y te, ndm 2000) 




• AAMN vuong tai A 





c=> a 2 + (x - y) 2 = 2a 2 + x 2 + y 2 


oi xy =-<0 

2 

Dieu nay khong xay ra. 

• aAMN vuong tai M 

o MN 2 + AM 2 = AN 2 

<=> a 2 + (x - y) 2 + a 2 + x 2 = a 2 + y 2 

<=> 2x 2 - 2yx + a 2 = 0 

• AAHN vuong tai N 

o MN 2 + AN 2 = AM 2 

<=> a 2 + (x - v) 2 + a 2 + y 2 = a 2 + x‘ 

co 2y 2 - 2xv + a* = 0 

b) Goi E la giao diem cua MN va BC 
Do x = 2v => BE = 2BC 

d Eco dinh 

rD (AMN) luon chtia difdng thftng AE co dinh 

c) Goi F la giao diem cua C’l va CA 
Ro rang A la trung diem CF 

Va ACBF co AB = AC = AF 
ACBF vuong tai B 


co BF x BC 
Lai co BF l BB' 


BF 1 (BB’C) 


-o ((BIC').(ABCV) = CBC' = a 
o AA’ = CC = atga 


Bai 13. Cho hinh chop S ABCD co day ABCD la hinh chCf nhat, 
SA 1 (ABCD), AB = a, AI = b, SA = 2a Goi M la trung diem 
SA. Mat phang (MBC) cat hinh chop theo thiet dien la hinh 
gi? Tinh dien tich thiet dien ay. 


(Dai hoc Da Lat, narn 2000) 





Gidi 

Goi N la trung diem canh SD. 

Ta co MNCB la thang 
vuong va chi'nh la thiet 
dien can tim. 

Smncb = — BM< BC + MN> 

2 

1 r- b 3abv'2 

= — a v 2 (b + - ) =- 

2 2 4 


Al 


/ ' " 


- - ”> D 


Bai 14. Cho tuf dien S.ABC co \ABC vuong can tai B, AC = 2a, 
SA -ava SA 1 (ABC). 

a) Tinh khoang each tir A den (SBC) 

b) Goi O la trung diem cua AC Tinh khoang each tit O den (SBC). 

(Dai hoc IIu&, ndm 2000) 


Gidi 


at Ke AH i SB (H e SB) 

_ | BC _l AB 

la co 

BC x SA (vi SA _ (ABO) 


■v> BC j. (SAB) 

- AH i BC 
Lai co AH 1 SB 


AH 1 (SBC) 


=> d(A,(SBC)) = AH = 


SAAB 



SB 

a.a J2 a Js 

" ~aV3~ “ ~3~ 

b) Goi E la trung diem cua CH 

[OE // AH 

Khi do < 1 

OE = -AH 

1 2 

Ma AH l (SBC) (chtfng minh tren) 
Nen OE 1 (SBC) 

Do do: d(0.(SBC)) = OE = -AH = — 

2 6 


a v 2 
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Bai 15. Cho tuf dien ABCD co cac canh thoa man: 

AB 2 + CD 2 = AC 2 + BD 2 = AD 2 + BC 2 

Chdng minh ring trong bon mat cua tOf dien, phai co it nhat 
mot mat la tarn giac co ba goc nhpn. 

(Dai hoc Kinh t$ Quoc dan Ha Noi, khdi A, nam 2000 va d& 
thi hoc sinh gidi Toan 11 cua tlnh Ddng Nai, ndm 1989). 

Gidi 

Bicdc 1: Ta chiing minh rdng Neu co mot trong ba goc phang a 
dinh A > 90° thi hai goc phang con lai cung > 90°. 

Qua vay, gia sif BAC > 90 1 ‘ 

Theo dinh If ham so cosm: 

BC 2 = AB 2 + AC 2 - 2ABAC.cos BAC > AB 2 + AC 2 

=> AD 2 + BC 2 > AB 2 + AC 2 + AD 2 A 

! AB 2 + CD 2 > AB" * AC 2 * AD' 

’ )aC 2 - BD 2 > AB 2 + AC 2 + AD 2 

LCD 2 > AC 2 - AD 2 B 

^ ]bD 2 > AB 2 * AD 2 

I CAD > 90° 

=> 'i_ 

[BAD > 90° 

Bade 2: 

• Neu bon mat cua tiif dien d6u la tarn giac co ba goc nhpn thi 
dieu edn chufng minh la hien nhien dung 

• Neu mot trong ba goc phang a dinh A tchang han) khong 
nhon thi theo ket qua bifdc 1, ta co hai goc phang con lai cung 
khong nhon. 

Do do cac g6c ph&ng a cac dinh B, C, D (khong thuoc (BCD)) 
dieu nhon, cho nen ABCD cung nhpn ivi neu chang han c6 goc B 
khong nhpn thi dp dung ket qua bade 1, suy ra cac goc phang or 
dinh B deu khong nhon (mau thuan vdi li luan tren). 
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Bai ]6. Cho hinh chop S.ABCD, ABCD la hinh thang vuong. dudng 
cao AB = BC = - AD = a Canh ben SA = a v'2 va SA ± (ABCD). 

a) ChUng mmh rang cac mat ben cua hinh chop la cac tam giac 
vuong 

b) Lay M € canh BC, B\1 = x € <0, at Got tP) la mot mat phang 
qua M va song song vdi SA. CD cat AD. SD, SC lan loot tai 
N. P, Q. Tinh S MNFM theo a va x 

(Hoc men Clunh tn Quoc gia. Tp. Ho Chi Mink, 2000) 

Giai 



ASAB vuong tai B 

[SC 2 = AC 2 - SA 2 = 2a 2 + 2a 2 = 4a 2 
• Ta co jsD 2 = SA 2 + AD 2 - 2a 2 + 4a* = 6a 2 

jcD 2 - AB 2 + (AD - BC) 2 - a 2 - a 2 = 2a 2 


r_o SD 2 = SC 2 + CD 2 
=> \SCD vuong tai C 
[SA !! (Pi 

b) • Ta co: :SA c (SAD) 

‘(SAD) o (P)=NP 


SA VPN 

Chung minh tuong tu; MN // CD, PQ // CD 


( 1 ) 

( 2 ) 
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( 3 ) 


T ii (2) => MN // PQ 
Ma SA _l (ABCD) nen cung vbi (1), ta co: 

PN 1 (ABCD) 

=^> PN 1 MN (4) 

Tir (3) va (4) MNPQ la hinh thang vuong co PN 10 docmg cao. 

• Ta c6: MN = CD = aV2 

PQ SP AN a + x | pQ _ a + x 

MS, khSc: JCD ' S = AD = = i 

PN _ DN a - x i p^ t a - x 

SA “ AD ~ Ta \ ~ J2 


PN = 


a + x 


a - x 


=* Smnpq = ^PN (MN + PQ) 

Ct 


1 a - x 

2 2 


(aT + 


(a - x)(3a + x) 
4 


V0y: Smnpq = -(a - xM3a + x) 
4 


Bai 17. Cho til di§n ABCD v0 M 10 mot diem di d0ng trong khong 
gian G va G] lan loot 10 trong tarn cua til dien ABCD va tarn 
giac BCD. 

a) Chufng minh ding: G,B + G,C + GjD = 6 

b) Chufng minh ding: GA + GB + GC + GD = 6 

(Chu y: Trong t0m cua tuf di#n la giao diem cac diicfng thang 
noi moi dinh cua tuf dien vdi trong tarn cua mat doi dien). 

c) Tim t0p hop diem M thoa man h0 thufc. 

3 I MA + MB + MC + MD I = 4 I MB + MC + MD I 

f Dai hoc Kien true Ha Noi, ndm 2000) 

Giai 


a) Ta co: 


G,B = -2G,I 
G^C + GJ) = 2GJ 
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Suy ra: G,B 4 - G,C 4- G^D — 0 
b) (joi Gv la trong tam giac ACD 
--■> IGI ~ AGi ^ BG 2 
Ta co GA = -3GGi 
Do do GA + GB + GC + GD 
— GA 4- (GAi -4 G,B) 

4- ( GGi 4- G t C ) -f i. GGi 


A 



4-GjD) C 


= GA 4- 3GGi 4- (GjB GjC -t- G^D 

cT 


= GA 4- 3GG, = 0 


c) Ta co . 

3 I MA + MB + MC + MD=4|MB + MC + MD| 

co 2 I ( MG + GA ) + l MG + GB) + < MG + GC ) + (MG + GD ) I 

= 4 | ( MG, +3BH- ( MG, +_^C ) + (MG, + G^D ) I 

co 3 14 MG + GA^GB^GC^GD 

0 



CO MG = MG t 

co M thuQC mdt phang trung trite cua doan GO,. 

Bai 18. Cho hinh chop deu S.ABCD, day ABCD la hinh vuong canh 
2a canh ben SA = a 75 Mot mat phang (P) di qua AB va 
vuong goc von mat phang (SCO). (P> lan ltfpt cat SC va SD tai 
O’ va D Tinh dien tich tuf giac ABC’D’ 

<Dai hoc n6ng ngliiQp /, khd'i A, ndm 2000) 

Giai 

Goi 1, J, O lan Inert la trung di§m cua AB, CD, IJ. 

AB//1SCD) ] 

Ta co. AB c (Pi \ => AB // C’D’ cp ABC’D’ la hinh thang. 

(P)o(SD) = CD'! 
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Goi K la giao diem cua SJ vh C’D 
Ta co: AB 1 (SIJ» 

Ma C’D’ n AB 
=> C’D’ l (SIJ) 

a IK i C’D' (11 

(Pi x (SCD) 

Ta iai co ((P>r\(SCP) = C'D (2) 

IKc(P) 

Tu (1) va (2) => IK i (SCD) 

IK x SJ 

^ 11K JL C D' 

=* S AB c v =. -(AB + C’D’)IK (3) 

2 

Bay gia ta tinh AB, C’D’, IK theo a 

• AB = 2C’D’ = 2a 

• SJ 2 = SC 2 - JC 2 = (a y/5 > 2 - a 2 = 4a 2 

=> SJ = 2a JK = a 

=3 IK 2 = IJ 2 - JK 2 = 4a 2 - a 2 = 3a 2 

=> IK = a J'3 

Do do, tif (3) cho ta S = -(2a + a)av3 = — 

2 2 

Bai 19. Trong khong gian cho bdn diem A. B, C, D khong dong 
ph&ng. Goi E va F lan lifpc la trung di4m cua eac dioan AB va 
CD. Xac dinh vi tri cua I tren doan EF sao cho 

IA+IB + fC + fD = 6 

CVien Dai hoc ma Ha Not, khoi A, ndm 2000) 

Giai 

Ta co: LA = IE + EA 
IB = IE + EB 
+ IC = IF + FC 



136 





ID = IF -t- FD 


- I)A + IB + IC + ID 

= 2<IE + IF ) + (EA - EB> 

0 

+ (FC + FD) - 0 
0 

« IE + IF = 6 

ci I trung diem doan EF 


A 



Bai 20. Cho hinh lap phuong ABCD.A'BC’D vpi canh bang a. Gia sP 
M. N P. Q lan lppt la trung diem cac canh A’D’, DC. C’C. AA 

a i Oh Png minh rang bon diem M. N, P, Q cung nam tren mot 
mat phang Tinh chu vi tP giac MNPQ theo a 

b) Tinh dion tich cua tP giac MNPQ theo a 

(Hoc vien Quan he Quoc te, khoi D, nam 2000) 


Giai 


a 1 • Ta co: 


PQ // AC 
iMN a AC 


=» MN // PQ 

M, N. P, Q cung thuoc mot mat phang 

;PQ = A'C' a/2 
Ta co: ■■ r.y 

|QM - MN = NP - --- 


Chu vi cua tP giac MNPQ la 

r- 3a \ 2 5a J2 

a v' 2 +-=- 

2 2 

bi Goi O la trung diem canh PQ. 

(OP ii MN 

Ta co •; o jo 

lOP = MN = — 

2 



OPNM ia hinh liinh hanh -> <)M - PN 


a v'2 
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Chufng minh tucfng tq: OM = QM = 


a -v 2 


Do do tuf gidc MNPQ ducrc chia thanh ba tam giac dbu bang 


nhau vdi canh bang 


ay/2 


I aV2 av2 v/3 3v'3 


Vay: Smnpq - 3.S^mn = 3. - 


8 


B/ BAI TAP TRAC NGHI£M ON TAP CUOI NAM 

Bai 1. Trong mat phang toa do Oxy. phep tinh tien theo vecto 
v = (1, 3) bien diem A(2, 1) thanh dibm nao trong cac diem sau? 

□ a B(4. 3) □ b B(3, 4) 

□ c B(3, 2) □ d B(2, 3) 

Bai 2. Trong mat phang Oxy, cho parabol (P) c6 phtfong trinh 
x 2 = Oxy. Hoi parabol nao trong cac parabol sau la anh cua (P) 
qua phep doi xufng true Oy? 


□ a. y 2 = 12x 
Q c. x 2 = -2xy 


□ b. y 2 = -12x 

□ d. x 2 = 2xy 


Bai 3. Trong mat phang Oxy cho diidng thdng d co phifcmg trinh 
x + y - 2 = 0 Tim phi/crng phdong trinh difdng thdng d la anh 
cua d qua phbp doi xvjfng tam 1(1, 2) 

| |a. x+y-4-0 | 1 b. x - y - 4 = 0 

Dc. -x+y + 3 = 0 []d. x-y + 3 = 0. 

Bai 4. Trong ede phep quay sau, phep quay nao la phep dong nhat? 

□ a. Q(0, 12n) □ b. Q(0, 7n> 


□ c. Q(fo,J + k* j (k e Z) 

V £ j 


( 


□ d. q! o, 


7t 


2 


Bai 5. Cho phbp vi tq V(0. kl (k * 0). Xet ede bieu sau: 
1 Neu Mi va M 2 co cung anh M thi M] trung M 2 . 


2. Neu M bien thanh M’ thi M la anh cua M’ qua phep vi tq V| O, 

I | a. Ca hai phat bieu tren deu sai 
Q] b. Ca hai phat bieu tren deu dung 
I | c Chi co phat bieu (2) Id dung 
[ ] d. Chi co phat bieu (2) la sai. 


( Cl 1 "1 


k j 
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Bai 6. Trong mat ph&ng Oxy, cho M(2, 4). Hoi phep dong dang co 

d\Xac bang each thife hien lien tiep phep vi tu tam O ty so k = - 

2 

va phep doi xufng qua true Oy se bien diem M thanh diem nao 
trong cac diem sau day: 

□ a A( —1,17) □ b B( — 1.12) 

□ c. C(-l,7) □ d. EX-1.2) 

Bai 7. Cho hinh chop S.ABCD vdi day ABCD la td giac loi co cac canh 
doi khong song song Gia sir AC BD = 101, AD ^ BC = III Khi do 
giao tuyen cua (SAC) va (SBD) la 

□ a AB □ b. SI □ c. SO □ .1. SB 

Bai 8. Cho hinh chop S.ABCD co day ABCD la hinh binh hanh. Gia 
si/M t SB Mat phang (ADM) cat hinh chop S.ABCD thiet dien 
la hinh gi? 

[ | a. Hinh thang Q b. Tam gide 

I | c. Luc giac Q d. Hinh vuong. 

Bai 9. Cho tuf dien ABCD. Goi M va N lan lupt la trung diem cua AD 
va BD. IJ lln lupt la trung diem cua AB va CD. Goi giao diem 

IK 

cua IJ vdi (CMN) la k. Tinh ty so — 

KJ 

□ a 1 □ b. 2 □ c. 3 □ d. 4. 

Bai 10. Cho tii dien ABCD Goi M, N, P, Q la cac diem tren cac canh 
AB, BC. CD. DA sao cho MN va PQ cat nhau tai I. Tam giao 
tuyen cua (MNP) va (ACD) Chon cau sar 

□ a. IP □ b. PQ □ c. PN □ d IQ. 

Bai 11. Cho hinh chop S.ABCD co day la hinh thang ABCD, 
BC // AD, BC < AD Goi M la trung di4m cua SD Xac dinh thiet 
dien tao boi (ABM) vdi hinh chop: 

I I a Tam giac ABM 

□ b. Tam giac APM (vdi (PI = AB CD) 

i | c. Tam giac ABN (vdi IN! = SC (ABM)) 

I | d. Td giac ABNM (vdi INI = SC r (ABM)). 

Bai 12. Cho hinh lap phurong ABCD A’B'CD' Goi O va O’ lan ldat la 
tam cua hai day AB'CD va A'B’C’D’. diem 1 thuoc doan OO' sao 
. OT 1 
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Thiet dien tao bdi mat phAng (a) (qua I va song song von AC va 
B’D) hinh hop la hinh gi" 7 

I 1 a Ngu giac Qb Til giac 

j | c. Tam giac Q d Mot dap so khac. 

Bai 13. Cho tuf dien OABC. M va N lan lilcrt la trung diem A13 va 00 
Tinh MN theo cac vectc OA. OB OC 

□ a. MN = i(OA +■ OB + OC ) 

3 

□ b. MN = - OC + - OB - OA 

□ c MN = - OC - - OA - - OB 

2 2 2 

□ d. MN = - OC - - OA + - OB 

^ 2 2 2 

Bai 14. Cho hinh chop S ABCD, ABCD la hinh binh hanh tarn O. 

PD 1 

Diem P thuoc canh SD sao cho - = -. Bieu thi CP theo ba 

SD 5 

vecto OA, OB , OS . 

□ a. CP = OA + 2 OB - - OS 

□ b. CP = -(OA + OB) + - OS 

2 5 

□ c CP = OA + 4 OB + - OS 

5 5 

□ d. CP = OA - 4 OB + 1 OS. 

5 5 

Bai 15. Cho hai hinh vuong ABCD va ABEF khong cung nam trong 
mot mat phang. Goi M. N, P, Q lan lifot la trung diem AD. BC, 
BE, AF Hay tim khang dinh dung trong cac khAng dinh sau: 

□ a (ADF) // (BNP) va (CDE)/- (MNPQ) 

□ b. (AMQ) // (BNP) va (BDK) " 'MNQi 

□ c. (ADF) // (BCEt va (MNP) H >ACF) 

□ d (ABPQ) // (CI)E). 
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Bai 16. Cho hinh chop S.ABCD co ddy ABCD la hinh vuong canh a, 
SA i (ABCD) va SA = ay2 . Ti'nh khoang each giCfa BD va SC. 
Sau day la bai giai 

_ :BD 1 AC (vi ABCD la hinh vuong) 

nude / 1 a co : 

BD I SA ivi SA x (ABCD)i 
■=> BD x (SAC) c 



Bade 2. Trong (SAC), ke OH 1 SC (H € SC) (1) 

Ma OH c (SAC) va BD 1 (SAC) ^ BD i OH (2) 

Ttf (1» va (2) =5 OH la doan vuong goc chung cua BD va SC 
=> OH x dtBD, SC) 

Ruac 3: Tmh OH 


Do O trung diem cua AC nen OA = — SA = 

2 


av2 

~Y 


Bai giai tren dung hay sai? Neu sai thi sai ct daui 

I | a. Dung Q b Sai tir bddc 1 

□ c. Sai tir bddc 2 |~) d. Sai tir birdc 3. 

Bai 17. Cho hinh lap phaong ABCD. A’B’C’D’ co canh bang a. Tlnh 
khoang edeh giOfa hai dddng thang BD’ va B’C. 

1 Qb “T Dc IT 1=1 d ~T- 

Ba.i 18. Cho hinh chop deu S.ABC c6 canh day bang a va dddng cao 

SO = - Tinh SB? 

2 

Q a 3 ^ 1 □ b. □ c. ^ □ d. 

6 6 6 6 
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Bai 19. Cho hinh chop S.ABCD va O la hinh chieu cua S len day 
ABCD. Cau nao sau day sai? 

| | a. Neu SA = SB = SC = SD thi O la tam diidng tron ngoai 
txep tuf giac ABCD. 

j j b S.ABCD la hinh chop deu thi O la giao diem cua AC va BD. 

] c. Neu ABCD la hinh chuf nhat va O la giao diem cua AC va 
BD thi S each deu bon diem A, B, C, D 

I | d Neu ABCD la hinh thoi va O la tam cua ABCD thi 
S.ABCD la hinh chop deu 


Bai 20. Cho hinh chop S.ABCD co day ABCD la hinh thang vuong tai 
A va B. AB = BC = a. AD = 2a. SA _l (ABCD) va SA = av'2. 
Tinh goc giufa (SCD> va (ABCD). 

n a- 30° □ b 45° □ c 60 IJ □ d. 75°. 


Bai 21. Cho l&ng tru tii giac ddu ABCD A’B’C’D’ co canh day bang a va 
canh ben bang b Tinh khoang each tir C den mat phang (BDC’). 


□ a. 

□ c. 


ab 

\'3b 2 ■+• a^ 
ab 

\]2b' + a z 


□ b -A 

□ a 


v'3a" - b- 
ab 


V2a 2 -*■ b 2 


Bai 22. Cho hinh chop S.ABC co AB = SC = a va tat ca ede canh cbn 
lai bang b Goi E va F lan luot la trung diem AB va SC Tinh 
EF theo a vd b 


□ a. r - | 

□ b. 

r-, H b 2 

□ c ~2 

□ d. j 


a 


2 


5 



DAP AN 


Cau 

1 

2 

3 

B 

5 

6 

B 

8 

9 

10 

11 

Dap an 

n 

d 

a 

a 

B 

B 

B 

a 

B 

B 

d 

Cau 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

Dap an 

a 

B 

d 

a 

d 

c 

a 

d 

B 

B 

a 
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Phu luc 1: Mot so cong thtfc 
quan trong trong tam giac can nhd. 


Oho \ABC, ta ky hieu 

• A, B, C: Lan luot la cac goc BAC ABC, ACB 

• a, b, c; F)o dai cac canh doi dien A, B, C tuong ung 

• h a , h b , h.: Do dai cac dudng cao xuat phat to A. B, C tuong 

ung. 

• m 0 . nib, m,. E)o dai cac duong trung tuyen xuat phat tU A. B, C 

tuang Ung. 

• / b , / . Do dai cac dUUng phan giac trong xuat phat tU A, 

B.C tuong Ung 

• l\, : Dp dai cac duong phan giac ngoai (neu co) xuat 

phat tU A, B, C tuong Ung 

• tj, r b , r c E)o dai cac ban kinh duong tron bang tiep cac goc 

,A- B. C tuong Ung 

• R, r Do dai cac ban kinh ducmg tron ngoai, noi tiep 

tuong Ung. 

• S: Dien tich tam giac 

• (p): NUa chu vi tam giac. 


1. Ehnh li ham sin 

a _ b 
sin A sin B 


c 

sin C 


= 2Ro 


a = 2R sin A 

<! b = 2R sin B 

I 

;c = 2RsmC 

V 


2. Dinh It ham cosin 


i a* = b 2 * c 2 ~ 2bc cos A 
b~ = c 2 + a" -- 2ca cos B 
ic 2 = 8“ -+■ b 2 - 2ab cosC 
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He qua 1: 

• A nhon j 0 < A < — 1 a 2 < b 2 + c 2 

' { 2 ) 

• A vuong : A = - j o a 2 = b 2 + c 2 (Binh li Pitago) 

\ 2 / 

• A tu | — < A < 7t j cr> a 4 * > b 2 + c 2 

U j 


A nhon o cosA >0 ct> 


Chvfng minh 

b 2 + c 2 - a‘ 


2 be 


b 2 c 2 - a 2 

A vuong ci> cosA = 0 c=> - = 0 

2 be 

A tu c=> —--—— < 0 o b‘ + < a 2 

2 be 


>0 o b 2 + c 1- > a 2 


i 2 2 2 

b + c = a 


He qua 2, 

a 2 = b 2 + c 2 - 4ScotgA 
• b 2 = c 2 + a 2 - 4Scot gB 
jc 2 - a 2 * b 2 - 4ScotgC 

o a + b + c = 4S(cotgA + cotgB + cotgC) 

Chvtng minh 

Ta co: a 2 = b 2 + c 2 - 2bc.cosA = b 2 + c 2 - 4S—— 

sin A 

= b 2 + c 2 - 4S.cotgA 
• Chufng minh tuomg tit: 

b 2 - c 2 + a 2 - 4S cot gB 

c 2 = a 2 + b 2 - 4S c ot gC _ 

=> a 2 + b 2 - c 2 = 4S(cot gA + cot gB + cot gC) 
H$ qua 3: 

|a 2 = <b - c) 2 + 4Stg — 

2 

D 

< b 2 = (c - a) 2 + 4Stg — 

* 

ic 2 = (a - b) 2 + 4Stg — 
i 2 
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=> a 2 + b 2 + c 2 = (a - b) 2 + 'b - cf + (c - a) 2 


AC ( t A B C) 
+ 4S tg- 4 tg- + tg- 


Chufng minh 

Ta co: a 2 = b 2 +■ c 2 - 2bc.cosA = (b 2 + c 2 -- 2bc) + 2bc - 2bccosA 
= (b - c ) 2 + 2oc( 1 - cosA) 


= (b - c ) 2 + 41 — be sin A 


11 - cos A 
j sin A 


2 sin 2 A 

(b - c i 2 + 4S.- j —— -r- 

2sin- cos- 
2 2 


= (b - c) 2 + 4Stg 


Chufng minh tuerng tiT: 


b 2 - c - a) 2 + 4Stg 


c 2 = (a - b) 2 4 4Stg 


B . C\ 


+ b 2 + c 2 = (a - b) 2 + (b - c) 2 + (c - a) 2 + 4S| tg + tg + tg 


V 2 


3. Dinh H ham tang 


a - b 

. A-B 
- tg ^“ 

a + b 

A + B 

tg -y- 

b - c 

, B-C 
_ tg 2 

b + c 

B + C 
tg 2 

c ~ a 

, C-A 
tg 2 

c + a 

" C + A 
tg 2 


„ A - B f c 
tg - 2 - *- 


. B -C A 
= tg 2 


. C-A . B 
= tg-—. tg- 
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4. Cong thitc ve dien ttch 

S = —ah a = -bh b = — ch c = — bc.sinA 
2 2 2 2 

= pr = — = (p - a)r a = (p - c)r c 
4K 


— ca.sinB = — ab.sinC 
2 2 


= Jp(p - a)(p - b)(p - c) (C 6 ng thufc Herong) 

= ylrr.r h r t ( 1 ) 

ABC 

= p 2 tg — .tg — .tg — = 2R 2 sinA.sinB.sinC (2) 
2 2 2 


= — >/2(a 2 b 2 + b 2 c 2 + c 2 a 2 ) - (a’ + b 4 + c 4 ) (3) 

4 

Chu y: C6c cong thufc (1), (2), (3) khi “di thi dai hoc” phai chufng 
minh lai (mcfi dirge dung). 

Chtfng minh 

• S = pr = (p - a)r„ = (p - b)r b = (p - c)r c 
=> S 4 = p(p - a)(p - b)(p - c)rr a r b r c = S 2 .rr a r b r c 

==> S = 

S = ibcsinA = — (2RsinB)(2RsinC)sxnA (Do dinh li ham sin) 

2 2 

= 2R 2 sinA.sinB.sinC. 


• S = pr 

ABC 

va r = (p - a)tg— = (p - b)tg— = (p - c)tg — 

« Z a 


=> S 3 = p 3 .r.r.r = p 3 (p - a)(p - b)(p - c) tg-^. tg~. tg^ 

/, It 

r? Q 2 trr ^ frr B C 
- p .S . tg—- tg—• tg— 

c 2 4 . A B C 

=> S = P tg 2' tg 2 tg I 


• Ta co: S 2 


— be. sin A 
V2 


— b 2 c 2 .sin 2 A = -b 2 c 2 (l - cos 2 A) 
4 4 
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(Do dinh H ham cosin) 


= -b 2 c 2 
4 


1 


f 1.2 


1- 


b 2 + c - a 1 

2bc 


= — [(2bc) 2 - (b 2 + c 2 - a 2 ) 2 ] 

16 

= — [4b z c 2 - (b 4 + c 4 + a 4 + 2bV - 2a 2 b 2 
16 

= 4 [2(a 2 b 2 + b2(;2 + ^ “ < a ' + b4 + c 4 )] 
16 

==> S = — \l2(a 2 b 2 + b 2 c 2 + c 2 a 2 ) - (a 4 + b 4 + c 4 ) 

4 

5. Cong thrtc ve dieting cao 


h b = 


a 

a 

2S _ 

2^p(p - a)(p - b)(p - c) 

b 

b 

2S 

2,/p(p - a)(p - b)(p - c) 


, 1 11 1 

He qua: — + — + = - 

h a h b h c r 

Chufng minh 

rp . 1 1 1 

Ta c6: — + — + — 

b a h b h c 


a b c 
2S + 2S + 2S 

a + b + c 2p 
2S " 2S 


£ I 

S r 


6. Cong thttc ve trung tuyen 

2(b 2 +c 2 )-a 2 b 2 + c 2 + 2bc cos A 


_2 


2 

m b = 


__ 2 
m. = 


4 4 

2(c 2 + a 2 ) - b 2 _ c 2 + b 2 + 2ca cosB 
4 4 

2('a'+b 2 )-c 2 a 2 + b 2 + 2ab cos C 


=> m 2 + m b + m 2 = — (a 2 + b 2 + c 2 ) 


2c 2 a 2 )] 
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He qua: 


• A nhon 

<=> 

2m a > a 

• A vuong 

c=> 

2m a = a 

• A tu 

o 

2m a < a 


Chtfng minh 

Ta co: 4 m 2 - a 2 = 2(b 2 + c 2 ) - a 2 - a 2 

= 2(b 2 + c 2 - a 2 ) = 2(2bc.cosA) 
= 4bc.cosA. 


• A nhon 

<=> cosA > 0 

<=> 

4m 2 - 

- a 2 > 0 



c=> 

2m a > 

a 

• A vuong 

c=> cosA = 0 

<=> 

4 m 2 - 

- a 2 = 0 



o 

2m„ = 

a 

• A tu 

o cosA < 0 

• 

<=> 

4m 2 - 

- a 2 < 0 



<=> 

2m a < 

a. 


7. Cong thiic ve phdn gidc trong 

A 


2bc.cos 


L = 


b + c 
2ca.cos 


k = 


2 2 
b + c 
B 

2 _ 2 


Vbcp(p - a) 


c + a 

2ab. cos — 
/ =_ 2 

c a + b 


c + a 
2 


x/cap(p - b) 


a + b 

8. Cdng thiic ve phdn gidc ngoai 

2bc. sin — „ 

f -_ — = —-?— 

|b - c| |b — c 


7abp(p - c) 


J bc(p - b)(p -c) (vdfi b^c) 


o • B 

2ca.sin— ^ _ 

l= -— =- J ca(p - c)(p - a) (vbi c * a) 

c - a c - a 


i: = 


2ab.sin— 0 

_2 _ 2 


a 


b| ja - b 


^/ab(p - a)(p - b) (vdri a*b) 
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9. Cong thtic vc ban kttth 

• Ban kinh dtfdng tron ngoai tiep: 

R = a = b _ = c 
2 sin A 2sinB 2sinC 


4S 4 v /p(p - a)(p - b)(p - c) 
Ban kinh difcfng tron noi tiep: 


A B C S 

r = (p - a)tg— = (p - b)tg— = (p - c)tg— = - 

Z Z Z p 


(p - a)(p - b)(p -- c) 


Ban kinh dhcmg tron bang tiep: 

I x A S fp(p - b)(p - c) 


A S 

r a = ptg— =- 

2 p - a 

B S 

r b = P tg- =-- 

2 p - D 

. c S 

C = ptg- =- 

2 p - c 


, , 1 1 1 1 

He qua 1: — + — + — = - 
r a r b r c r 


1 p-a 
I p(p - cXp - a) 
I P~ b 
p(p - aXp - b) 
p-c 


Ch&ng minh 

rr - l 1 1 P~ a P _ b p-C 

Ta co: — + — + — = —— + —— + -^r— 

r a r b r c S S S 

3p - (a + b + c) p _ 1 

“ S = S = r 

A B C p 

He qua 2: cotg— + cotg — + cotg — = — 

2 2 2 f 

Chutng minh 

ABC 

Ta c6: r = (p - a)tg — = (p - b)tg — = (p - c)tg — 

z z z 
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A p - a 
c °t g - = — 

=> ' C0tg5 = Ez^ 
2 r 

. C p -c 
cot gi = — 


A B C p 

cotg— + cotg- + cotg- = £■ 


„ a , 0 A B . C A B C 
He qua 3: cotg— + cotg— + cotg— = cotg — .cotg —.cotg — 
2 2 2 2 2 2 

Chitng minh 

m , - A B C (p - a)(p - b)(p - c) 

Ta co: cotg—.cotg—.cotg— = — -— j —- 

2 2 2 r 

S 2 (pr) 2 p 


Cung vdi h$ qua 2 suy ra: 

A B C A B C p 

cotg— + cotg— + cotg— = cotg—.cotg—.cotg— = — 
e 2 2 6 2 2 2 6 2 r 

Chu y: He qud 3 c6 the chofng minh true tiep nhu sau: 

TU A + B + C = ti=> — + — = — - — 

2 2 2 2 


A B 


=>«>tg h- + - =cotg -- 


2 2 


n C 


2 2 


. A . B . 

cotg-.cotg--1 ^ c 1 

7~A ~~~B~ " tg 2 = ~~~ C 

cotg—+ cotg- c °tg — 

A B C A B 

cotg— + cotg— + cotg— = cotg—.cotg—.cotg 


10. Cong thu’c ve hinh chieu 


f b C 
a = b.cosC + c.cosB = r cotg— + cotg — 


b = c.cos A + a.cosC = rfcotg —+ cotg — 


( A B 
c = a. cos B + b. cos A = r cot g — + cot g — 
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U Cac cong thi(c khdc 

|jb - cj < a < b + c 
• Cong thtic 1: -j jc - a| < b < a + c 


Cong thiic 2: 


a-bj<c<a + b 

{A + B + C = n 
jO < A,B,C < 7t 


• Cong thiCc 3 

*0<a<b<c cc>0<A<B<C<7i 

co 0 < sinA < sinB < sinC < 1 
co -1 < cosC < cosB < cosA < 1 

* sinA = sin(B + C)... 

* cosA = -cos(B + C)... 


* tgA = -tg(B + C)... (vdi A* — )... 

2 

* cotgA = -cotg(B + C)... 

* A B + C 

* sin — = cos 

2 


A 

cos— = sin 
2 


2 

B + C 
2 

** A t B + C 
*tg-=cotg — 

* cotg — = tg^^ 
2 e 2 


H$ qua; a 2 + b 2 + c 2 < 2(ab + be + ca) 

Chu y: Day 16 de thi tuyen v6o ldp 10 Trtfdng chuyen Le Hong 
Phong TPHCM nam 1998, de thi Dai Hoc DL Van Lang nam 
1995 v6 Dai hoc D6 NSng (khoi D) nam 1997. 


Ta co 


a < b + c 
b < c + a 
c < a + b 


=> i 


a 2 < ab + ca 
b 2 < be + ab 
c 2 < ca + be 


o a 2 + b 2 + c 2 < 2(ab + be + ca). 
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Phu luc 2: Dian dan day hoc todn 

vi CHLfCtNG TRINH VA SACH GIAO KHOA 
MON HINH HOC LCfP 11 NANG CAO 

Bai viet sau day de cap den mot vai net ve during trinh SGK 
mon hinh hoc 11. 

I. Not dung chitting trinh hinh hoc l&p 11 nang cao. 

Chiring trinh hinh hoc IPp 11 dupe phan thanh ba during. 

during I noi ve cac phep ddi hinh va cdc phep dong dang 
trong mat phang. Ket thuc during nay cung la ket thuc phan 
hinh hoc phang ma hoc sinh da diicrc hoc tti cap THCS. Hoc 
sinh se di/oc lam quen vdri mot so khdi niem thiidng gap khong 
chi trong toan hoc mk cbn trong thiic te nhq phep tinh tien, 
ph6p ddi xufng..., ph^p vi tii, hinh co true ddi xufng. Ngoai ra hoc 
sinh phai hieu dupe the nao la hai hinh bang nhau va hai hinh 
dong dang. 

Tiep theo la phan Hinh hoc khong gian bao gom hai during: 
Chiring 2 noi ve quan he song song va Chiring 3 noi ve quan he 
vuong goc trong khong gian. O cuoi cap THCS hoc sinh da bUdc 
dau lam quen vdri mpt so khai niem cua hinh hoc khong gian 
bang each mo ta trite quan tren cac mo hinh cu the. 0 lop 11 
ede khdi niem d6 dope trinh bay mot edeh hp thong va co chufng 
minh tiring ddi day du, chat che. 

Ve ede hinh trong khong gian, 6 ldip 11 chi giori thieu hai loai 
quen thupc: dd la hinh lang tru, hinh chop va cac tritdng hop 
dac biet cua chung. Ve ede hinh da dipn ndi chung va mdt tron 
xoay, ddc bipt Id mat cau mdt tru, mdt non se diric gidri thi^u 
tiep tuc dr ldrp 12. 

Hai chu de quan trong cung dirpe de cap mot each chi tiet la 
khoang edeh vd gdc. 

II. Yeu cau ve mii’c do chitting trinh 

1. MPi nhin qua, ede npi dung during trinh cung giong nhit tri/dre 
day, va nhit vay co ve nhit khong giam tai ditpc bao nhieu so vpi 
chitcmg trinh cu. Sp that la ve cac chiring muc, ta khong thd bo 
ditpc mQt npi dung ndo het. 
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Cac khai niem ve phep ddi hinh va phep dong dang deu la 
nhufng kien thufc can co cho hoc sinh bac pho thong, ca ve mat 
toan hoc va thuc te. Trong ddi song hang ngay chung ta luon 
gap nhufng hinh bang nhau hay nhufng hinh dong dang vdi nhau. 
Chi it thi hoc sinh phai hieu the nao la hai hinh dong dang mpt 
each chinh xac chur khong phai mot each mo ho kieu nhu: hai 
hinh dong dang la hai hinh co hinh dang giong nhau. 


Hoc sinh bac THPT phai dupe lam quen vdi hinh hoc khong 
gian, chinh la cai khong gian ma chung ta dang song trong do. 
Nhu vay thi chu de ve quan he song song nhat dinh phai co, va 
trong chu de do khong the khong co cac de mac nhu: hai dudng 
thftng song song, dudng thang song song vdi mat phang, hai mat 
phang song song. Them vao do cung khong the bo phep chieu 
song song bbi vi no can thiet de dinh nghia hinh bieu dien va ve 
cac hinh bieu dien .. Tirong td nhu vay vdi chu de lien quan den 
vuong goc. 

2. Nhu vay viec giam tai chi dupe the hien trong vipc trinh bay chi 
tiet cac van de ve li thuyet va mufc do de hon cua cac bai tap. 

Ve li thuyet, SGK bo qua nhufng trinh bay that chat che bi 
phe phdn la “han lam”. Co the neu m^t vi du sau day: 

Trong SGK, sU bang nhau cua cac hinh dupe dinh nghia nhu 
sau: “Hai hinh goi la bang nhau neu co phep ddi hinh bien hinh 
na.y thanh hinh kia”. Nhu vdy neu cd phep ddi hinh f bien h;nh 
H thdnh hinh H’ thi ta goi hai hinh H vd H’ la bang nhau. Viec 
dung thuat ngtf bang nhau trong trudng hpp nay la mpt su lam 
dung te nhi. Neu ddi hoi chinh xac thi phai trinh bay nhu sau: 

TrUdc het neu dinh nghia: Hinh H goi la bang hinh H’ neu co 
phep ddi hinh bien hinh H thanh H’. Sau do ta chufng minh r^ng 
quan he “bang” noi tren la mdt quan he tuong duemg, tdc la: 

ij Moi hinh H deu bang chinh no 

ii) Neu hinh H bang hinh H’ thi hinh H’ bang hinh H. 

iii) Neu hinh H bang hinh H’ va hinh H’ b&ng hinh H” thi hinh H 
b^ng hinh H”. 

Ba tinh chat tren co the churng minh dl dang neu biet rang 
tap hop cac phep ddi hinh lam thanh mot nhom (phep dong 
nhat la phep ddi hinh, nghich dao cua phep ddi hinh la phep 
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dcfi hinh, hop thdnh cua hai phep ddi hinh la phep ddi hinh). V\ 
co tinh chat ii) ta co the noi rang hai hinh H vd H’ bang nhau 

Nhung khai niem ve nhom cac phep ddi hinh khdng duoc ivd 
khdng the) neu ra cho hoc sinh va bdi the chung ta danh chap 
nhan mdt each trinh bay khong chat che nhu da lam trong SGK 

Qua vl du tren ta c6 the thdy rang SGK da bo qua nhieu khia 
canh “han lam” de trinh bay khai mem bang nhau mac dau khong 
hoan toan chat ch§, nhimg hoc sinh co the chap nhan dope. 

Ngoai ra, neu gap hien tugng qua hien nhien, ma hoc sinh 
nao cung thd'y r6 thi SGK cung dcm gian bdt ma khong neu 
chufng minh cho khoi rudm ra. Lay vi du: “Hai dudng thang 
phan bi£t cung vuong goc vdi mdt mat phdng thi song song” la 
mOt mgnh de kha hien nhien co the minh hoa bang nhtfng hinh 
anh true quan (cac cdt dan ciing vuong goc vdri mat san van 
dong), bori vdy khong can neu chiifng minh cho mat thi gid. Chii 
v ring menh de trdn c6 the xem nhu la tuong tU cua mdnh dd 
trong hinh hoc phAng: “Hai dudng thang phan bipt cung vuong 
goc vdi mdt dudng thang thi song song” Tuy nhien sp suy luan 
tuong tU bao gid cung edn dao hai ludi, neu khong can than thi 
de mac sai ldm, cho ndn SGK da chu y hoc sinh bang cau hoi 
kieu nhu: “Trong khdng gian, hai dudng thang phan bi§t cung 
vuong gdc vdri mot dudng thang thi cd song song hay khdng?” 

Mgt vi du khac: Viec chiirng minh dinh li v4 sU bao ton tl sd' 
cua hai doan th^ng song song qua phdp chid'u song song khdng 
ma'y khd khan nhung kha dai ddng vi phai chia ra kha nhieu 
trudng hop. SGK chi minh hoa dinh li dd trong mdt tracing hop 
pho bidn. 

3. Hp thong ede bdi tap la noi cd the giam tai khd nhieu. Sd lupng 
ede bdi tdp trong SGK khdng nhieu nhu trade vd cung khdng 
khd bdng. Chung toi mong rdng ede gido vien se khdng daa 
them nhieu bai tdp khd hon cac bai tap SGK. Chung toi cd de 
nghi mot sd bai kiem tra (15’ hodc 45’) trong SGV de ede gido 
vien tham khao, qua dd ede gido vien thay dupe mufc dp ma 
chung ta doi hoi hpc sinh sau moi chaong. 

Lay vi du ve he thong cac bdi tdp lien quan den phep ddi 
hinh vd phep ddng dang. SGK chi daa ra nhufng bdi tiip de cung 
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co cdc tinh chat cua cdc phep dcri hinh vd dong dang da hoc. Cac 
bai tap van dung cac phep do de giai todn ddc biet la cac bai 
toan dung hinh va quy tich diipc giam nhe den toi thieu. 

Co nhieu bai tap rat hay (va do do rat kho) ve hinh td dien 
vd hinh hop cung khong dda ra cho hoc sinh. Chang han cac bai 
tap ve td dien true tarn, td dipn gan deu... Nhin chung cac bai 
tip chu yeu la de hoc sinh r6n luypn d cdc mdc do: nhan biet va 
thong hieu la chu yeu. 

Cung co mot so bdi t£p 6 mdc dp van dung va sang tao nhdng 
khong nhieu. 

Nhufng bdi tap kho horn co the tim trong cuon Bdi tdp Hinh 
hoc 11. 

//. -VIJf so van de ve phuttng phap gidng day 

Chung toi chi xin ldu y mot so diem sau day: 

1. SGK c6 neu len nhdng Cau hoi va Hoat dpng. Cdc cau hoi nhdm 
dinh hirdng cho hoc sinh chu y vdo mpt khia canh ndo do trong 
qjd trinh nhdn thde. C6 the la de hoc sinh nhd lai m$t kien 
thufc da biet co lien quan den bdi mdi, co the la de hoc sinh hieu 
them mpt chi tiet ndo d6 trong vd'n de dang xdt, co the la de lat 
lai van de,..., cdc cau hoi nhd the khong qud kho, nhdng neu 
dong vien hoc sinh suy nghl vd tra ldi thi chSc hdn la co lpi. 

Cac Hoat dong nhdm yeu cau hoc sinh phai thde sd dong nao 
va 1dm vipc tren gidy nhdp. Co the la yeu cau hoc sinh tinh todn 
cung mot kdt qua nao do, hoc yeu cdu hoc sinh suy ra mpt h@ 
cua td mpt dinh li vda neu, hodc yeu cau hoc sinh dp dung cong 
thde da co vdo m0t trddng hop cu the... Cdc hinh thde Hoat d$ng 
cd the Id cd nhan, tdng nh6m trao doi, hay todn ldp thao ludn. 
Pay cung Id hinh thde giup hoc sinh tdp trung vdo bai hoc vd 
cung xdy ddng bdi hoc. Chung toi chi xin nhde lai rdng, cdc Cau 
16i vd Hoat dong trong SGK chi mang tinh gpi y, hoan todn 
Ihong phai Id dp ddt, bat moi thay gido phai theo. Tuy theo 
trinh do hoc sinh trong ldp minh, thay gido co the dda ra nhdng 
Cau hoi vd Hoat dpng thich hop hon. 

2;. Slp>i dung trinh bdy trong SGK ddoc chia thdnh hai phan: phdn 
(hinh vd phan phu (ngay trong moi trang sdeh). Phan chinh 
Idtpc in bat dau td cot thd nhat cua trang sdeh, thdcrng bao gom 
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cac dinh nghla, cac tinh cha't, cac dinh li hoac cac cong thhc, 
theo cbc kieu chuf khbc nhau: in dam, in nghieng, hoftc chuf bmh 
thiibng, co dong khung ho5c khong dong khung Phan phu diiac 
in lui vao ben phai 4 cot so vbi le trai, thbbng bao gom: Cac lbi 
dan dat, lbi dat van de, cac cau hoi, cbc Hoat dong, cbc chbng 
minh cua dinh li, cac vi du minh hoa, cac bai tap bp dung. Nhu 
v£y co the hinh dung rang khi bo phan phu di thi con lai phan 
chinh la tom tat nhOfng dieu can nhb cua bai hoc. 

Vbi each trinh bay nhir vay chung toi dung y la hoc sinh it 
phai ghi chep, ma tap trung thi gib de nghe giao vien giang, de 
suy nghi la tra lefi cac cau hoi, de lam viec theo yeu cau cua cac 
hoat dong. Chung ta khong nen lam mat thi gib cua hoc sinh 
mot each vo ich khi bat ho chbp nguyen van dinh li, tinh chat, 
tham chi ca chufng minh... vao vb cua minh vi tat ca dieu do da 
co trong SGK. 

(Luge trich tap chi “Toan hoc ve tuoi tre” so 362, ndm 2007 
cua tdc gia Vdri Nhu: Cuang). 
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